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Abstract

Embodied intelligence (intelligence that requires and leverages a physical

body) is a well-known paradigm in soft robotics, but its mathematical descrip-

tion and consequent computational modelling remain elusive. We argue that

filling this gap will enable full uptake of embodied intelligence in soft robots.

The resulting models can be used for design and control purposes. We pro-

vide a concise guide to the main mathematical modelling approaches, and

consequent computational modeling strategies, that can be used to describe

soft robots and their physical interactions with the surrounding environment,
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including fluid and solid media. We aim to convey the challenges and oppor-

tunities within the context of modeling the physical interactions underpinning

embodied intelligence. We emphasize that interdisciplinary work is required,

especially in the context of fully coupled robot–environment interaction mod-

eling. Promoting this dialogue across disciplines is a necessary step to further

advance the field of soft robotics.

Key points

Embodied Intelligence is one of the main motivations for soft robotics.

Body compliance enables embodied intelligence and help simplify the

control of robots for achieving the required tasks in complex environments.

A full mathematical description of soft robot deformations, given by its

internal interactions with actuators and by the external interactions with the

surrounding environment, can be the tool for mastering body compliance and

embodied intelligence.

Relevant modelling and computational techniques are within grasp, in an

interdisciplinary effort.

Soft robotics can transition to a model-informed discipline, with embodied-

intelligence-based design and control, that can pave the way towards soft robot

digital twins.

Table-of-contents summary

Modeling soft-robot deformations induced by actuators and interactions with

the surrounding environment can enable full uptake of embodied intelli-

gence. We provide a concise guide to modeling approaches and computational

strategies that can lead to model-informed design of embodied intelligent

robots.
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[H1] Introduction

Soft robotics is largely motivated by the functional role of soft tissues in liv-

ing organisms [1]. Life has had millions of years to adapt to its surrounding

environment and co-evolve nervous and musculoskeletal systems to achieve

task-efficient performance, synergistically. Living beings are soft and compli-

ant, and we argue that this is instrumental to their embodied intelligence [2].

According to this view, the physical body plays a large role in intelligence,

because a part of sensory–motor behaviour emerges from its interaction with

the surrounding environment, with minimal or no involvement of the nervous

system. Soft biological systems use their complex internal body structures to

efficiently use physical interactions with the external environment and achieve

the desired actions. Indeed, external interaction forces, rather than being

treated as disturbances needing compensation, are used for the intended move-

ments [3]. For example, in locomotion, gravity is exploited for stepping forward,

and adaptation to uneven terrains is provided by compliant elements within

the leg joints, with limited need for active inputs from the central nervous

system. Similarly, octopuses, an iconic model for soft robotics, adopt highly

effective unfolding arm reaching movements by leveraging the buoyancy and

interaction forces from the water surrounding them.

Embodied intelligence is a well-known paradigm in robotics and soft

robotics. In a typical robot sensory–motor behaviour scheme, a sensory system

perceives the environment, controllers process the incoming information and

plan a motor action, and then a mechanical system executes motor actions in

the physical environment. Embodied intelligence can be seen as the mechan-

ical feedback from the environment, directly onto the mechanical system of

the robot physical body, with no involvement of controllers or processing [2]
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(Fig. 1). This view shows how powerful embodied intelligence can be in sim-

plifying robot sensory–motor behaviour and increasing overall robot efficiency

and effectiveness. The paradigm works if we assume that a soft, compliant body

receives, and does not reject, the mechanical feedback from the environment.

How to systematically design embodied intelligence is a current challenge in

the field of soft robotics. We argue that this goal can be achieved by means of a

mathematical description of the physical interactions that characterize embod-

ied intelligence. Related computational modeling would enable simulations to

be used for both design and control purposes.

The task of constructing this modeling framework is not easy. We focus on

the soft parts that are necessary to implement embodied intelligence and that

go beyond the rigid-body modeling techniques used in robotics. Take as an

example a soft arm immersed in a fluid and interacting with solids (such as the

octopus in Fig. 2). To describe and model the physics underlying embodied

intelligence, it is necessary to consider:

• the continuous deformations of the arm deriving from muscle activations;

• the coupled interaction of the arm with the fluid, such as when the arm

reaches out for target objects and moves the fluid, and conversely the fluid

contributes to its deformation; and

• the interactions of the soft arm with solids (rigid or deformable), such as

the seafloor when walking, or external objects when grasping.

The description of these three points present two significant challenges.

First, the problem is inherently multiphysics, due to the physically hetero-

geneous nature of interactions underlying embodied intelligence. In fact, one

needs to take into account the physics of the soft body and the dynamics of

muscle activation, the flow physics and its coupling with the soft body, and

the physics describing contact and adhesion between two solids. This poses the
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critical challenge (and opportunity) of interdisciplinary work across multiple

communities, including robotics, fluid dynamics, structural mechanics, tribol-

ogy and contact mechanics. These fields typically have their own customs and

terminology. Cross-fertilization can prove difficult, but will be beneficial to

bring advances in modeling embodied intelligence.

Second, the problem is multiscale, as the number of scales one needs to

describe may range from millimeters to meters. For instance, in our example

the reaching arm may undergo an overall displacement of several centimeters.

Yet, the description of the deformation of the soft body, and its interaction with

the flow and solid, may require a much finer description to accurately capture

its behaviour. To this end, fast computational methods to solve multiscale

problems are required. Integration with the scientific computing and applied

mathematics communities may therefore prove important.

Multiphysics and multiscale problems are notoriously challenging but have

successfully been conquered in some fields, including the aerospace industry,

biomedical engineering, and material science, to cite a few. In these fields,

it may be possible to develop a digital twin: a virtual representation of the

system, comprising a hierarchy of models for different components and levels

of fidelity, ultimately pinned to data [4, 5]. In the context of soft robotics,

these problems have yet to be addressed, although promising advances have

been made. Several factors make modelling particularly difficult. One is how

the actuation forces are designed and mathematically modelled to achieve a

desired action, and how the surrounding environment influences them. Another

issue is the large deformations of nonlinear materials and their coupled inter-

actions with the surrounding medium, which lead to high-dimensional models

that are often prohibitively expensive to simulate and use inside control loops.

Yet another is interfacial physics and dynamics that are not fully known,
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such as nonlinear friction mechanisms for solid–solid interaction, and turbu-

lent drag for fluid–structure interaction. In addition, the range of morphologies

(arms, fingers, legs, fins), materials (hyperelastic, heterogeneous, functional),

abilities (reaching, grasping, walking, morphing, growing, swimming, jump-

ing, crawling, digging) and intended applications (healthcare, manufacturing,

underwater sensing and manipulation, scientific exploration, entertainment) is

extremely diverse, exacerbating the complexity of the modelling task. The lat-

ter aspect may lead to staggered and application-specific modelling strategies,

that may not be beneficial to the soft robotics field as a whole.

In this Technical Review, to support our argument of distilling embodied

intelligence into physical interactions, we provide a concise guide to the lat-

ter and to their underlying mathematical models. We first introduce a general

mathematical framework for modelling soft robots. We then detail the mod-

els for internal interactions, describing both models for soft-body mechanics

and the internal interactions with actuators. The description of the model-

ing techniques has the aim of providing the basic tools for their uptake. We

also showcase their use and discuss the challenges that can promote beneficial

interdisciplinary interactions.

[H1] A mathematical framework

We adopt a framework for modelling soft robots that belongs to the realm of

mechanics that is at the foundations of physical interactions in both solids and

fluids. There are two approaches to mechanics: Lagrangian and Eulerian. In

the former, one tracks the trajectories of particles; in the latter one observes

the particle velocities at a fixed point in space. The Lagrangian setting is

commonly used in classical solid mechanics, whereas the Eulerian setting is

commonly used in fluid mechanics. These two views allow us to introduce an
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abstract mathematical formalism for the soft body subject to internal and

external interactions that consists of a set of differential equations:

Dqsb = Nsb + Cint + Cext, in Ωsb . (1)

Equation (1), with suitable initial and boundary conditions, can describe

both models arising in continuum mechanics and multibody dynamics in the

soft body domain Ωsb. Continuum mechanics typically yields a set of partial

differential equations; multibody dynamics yields a set of ordinary differential

equations. The meaning of the variables qsb that describe the soft body (sb)

depends on the approach used. For instance, in a Lagrangian view, qsb repre-

sents the position and momentum of material particles, whereas in an Eulerian

view qsb is the observed velocity at each given point. D is a differential oper-

ator that may be a partial (∂) or a total (d) derivative (including a material

derivative D), of first or second order.

Nsb is a nonlinear term that describes the soft body (sb) mechanics, which

may depend on qsb, its partial derivatives with respect to spatial coordinates

x, time t, and a set of tunable constants such as viscosity, stiffness and other

actuation and material parameters.

Cint is a coupling term that accounts for internal (int) interactions, such

as actuation forces for tendons or pressure of pneumatic chambers. Cext is a

coupling term that accounts for external (ext) interactions, such as contact

with external solids or interactions with the surrounding medium.

Although equation (1) is not the standard way of introducing models in the

realm of soft robotics, it allows a sufficiently general mathematical framework

that can be used as a basis to construct a unified formalism for the multiphysics
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of internal and external interactions. We divide the right-hand side into a non-

linear term Nsb and two coupling terms Cint and Cext. We do so to emphasize

the mechanics of the soft body (through Nsb) and its coupling not only with

internal systems (through Cint) but also with external systems (through Cext).

In particular, Cint and Cext can constitute forcing terms that result from lump-

ing the interactions into simplified terms, or can be terms coupling the equation

describing the soft body (1) to additional equations describing the physics of

internal and/or external interactions (such as actuators, and the surrounding

environment). These interactions could be for instance described by equality

and inequality constraints, especially when the soft body is in contact with a

medium. In this case, the constraints encapsulate the physics of interactions

and can be embedded into the equations by means such as Lagrange multipli-

ers. For example, frictional contact between two surfaces is best modeled with

inequality constraints that become active as soon as a soft body is in contact

with either itself or the environment.

[H1] Internal interactions

[H2] Challenges

A soft-bodied system, such as the arm of an octopus (Fig. 2), contains sensors

and actuators, distributed inside a soft tissue, that work together to achieve

a given task. The sensing and actuation mechanisms interact internally with

one another, and they typically operate within a nonlinear and possibly het-

erogeneous material constituting the soft tissue. We focus on the fundamental

robotics task of modeling the relations between the actuator space and the

soft-body deformations. A mathematical model describing internal interac-

tions should therefore capture the robot deformation produced by the internal

actuation forces, which also need to be accurately represented.
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The physics of actuation corresponds to a subset of the total degrees of

freedom of the system, associated with the physics of deformation of the struc-

ture. Once the subspace of actuation is defined, the key challenges specific to

modeling internal interactions are to model the physics of the actuation in such

a way that it can be identified on the real system, and to couple the physics

of the actuation with that of the deformation of the structure.

In terms of actuation, we take into account three main strategies, which

differ in dimensionality. The first is actuation by tendons. We consider a punc-

tual action of a cable or similar tendon-like actuator, that can be considered

as 1D. If the tension is exerted by a tendon that pulls, it is relatively easy to

describe the force field created on a soft robot structure, based on the geomet-

rical path. The problem is more complex when a series of tendons are placed

in a robot. Because the tendons are coupled, it is necessary to verify that

they are tense to exert a force; the tension of one tendon on a structure could

cause others to slacken. In addition, the tension inside the tendon is a signed

force: tendons can pull but not push. The algebraic equations, translating the

motion of the tendon, lead to constraints of inequality and complementarity.

Finally, more advanced models that could be used to replicate the mechanics

of the tendons (such as extension, bending and internal friction) are neglected

to focus on this tensile force.

The second strategy is that of flexible fluidic actuators. We consider cham-

bers that deform when pressurized with a fluid, so that pressure acts on a

surface, and is assumed to be constrained to 2D deformations. Similarly, for

these fluidic actuators, it is possible to directly take into account the pressure

exerted in cavities. This pressure is then integrated on the surface of the cavity

to calculate a force field applied to the soft robot structure. This approach is

often used for pneumatic actuation, based on pressure regulators. Conversely,
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in the case of liquid injection, it is often the variation of the cavity volume that

is the input of the model. As with tendons, it is then necessary to add an alge-

braic equation in the model that describes the volume variation. Moreover, the

weight exerted by the liquid on the structure can create additional deforma-

tions. Finally, one can imagine, in the longer term, coupling the deformation

models with dynamic models of the fluid.

The third strategy is actuation by smart materials. We consider a large

class of materials responding to external stimuli that can be regarded as 3D

actuators. Some smart materials, such as electro-active or electro-ionic poly-

mers, have an electric-field-dependent internal stress field. Other materials,

such as shape memory materials, have temperature-dependent constitutive

laws. Materials can also be integrated into soft robots that react to a mag-

netic field. In all these cases (and possibly in many others, the field of smart

material being vast), the problem is the coupling of the deformation equations

with other physics, such as electric or magnetic fields or temperature diffusion,

often at scales much smaller than that of the robot.

Modelling these actuators is challenging in its own right, and the inte-

gration of the models with different soft-body models can be non-trivial. In

particular, soft robots are highly under-actuated, that is, the degrees of free-

dom associated with actuation are significantly fewer than the degrees of

freedom of the soft body. Therefore, it is frequently required to add algebraic

constraints, often associated with Lagrange multipliers Λ and Θ, to drive the

motion of the soft body within the actuator space. The method of Lagrange

multipliers is a strategy to enforce equality constraints to a functional, in this

case equation (1).
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[H2] Models

In robotics, two approaches exist for modelling internal interactions. The first,

called direct modeling, computes the robot shape using knowledge of the

motion and/or forces in the actuator space and from other unactuated degrees

of freedom. The second, known as inverse modeling, starts from a desired shape

or position of the robot and calculates the actuator space required to reach

the desired shape/position. In this section we focus on direct modeling. Table

1 summarizes the models (not including data-driven techniques).

[H3] Continuum 3D solid mechanics models

The most general model that captures the full complexity of the soft body is

given by 3D continuum solid mechanics (Table 1). If we consider equation (1),

taking an Eulerian view:

D becomes ∂/∂t, the partial derivative with respect to time t,

qsb becomes vsb, representing the velocity field of the soft body,

Nsb becomes ∇ · σsb, the divergence of the soft body stress tensor σsb.

This equation describes the balance of linear momentum, which is usu-

ally complemented by the balance of angular momentum, through σ = σT

(where superscript T denotes transpose), and balance of mass, through

∂ρ/∂t+ ρ(∇ · vsb) = 0. One can also include the balance of energy. The con-

stitutive relations for describing the soft-body material usually rely on both

elastic and hyperelastic models, or ad-hoc constitutive models. These ad-hoc

constitutive relations can originate from phenomenological tests, for example,

and provide an accurate simulation of the soft body deformation [6]. Note

that hyperelastic models sometimes have many parameters that are difficult

to identify in practice. Other phenomena that should be included in the con-

stitutive equations include viscosity, plasticity and anisotropy. Anisotropy has,
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for example, a direct influence on the kinematics of the soft robot [7]. Finally,

these deformation models are sensitive to boundary conditions, thus to the

modeling of the actuators but also to external interactions.

All the three actuation strategies — tendons, fluidic actuators and smart

materials — can be adopted in conjunction with continuum solid mechanics.

Their coupling with the soft body is obtained through the term Cint. This can

be written in terms of Lagrange multipliers arising from a set of constraints

imposed by the actuators on the soft body: Cint = ΛTIe + ΘTIi, where Ie

represents equality constraints and Ii represents inequality constraints. The

coupling can also be imposed as a set of boundary conditions for equation (1).

Solution strategies rely on numerical methods, such as the finite element

method (FEM) and spectral element method, whereby the partial differential

equations are solved at a set of prescribed nodes (or mesh). Doing so is typically

expensive computationally, with O(N3) degrees of freedom, where N is the

number of nodes of the underlying mesh. Indeed, a convergent solution (i.e., a

solution that provides the correct results) depends on the number and type of

elements chosen and on their geometric quality; complex geometrical features

and nonlinearities might further influence the solution convergence. In addi-

tion, which variables are required to converge can depend on how boundary

conditions are applied. For instance, if a fluid (liquid or gas) inflates a cavity,

and the cavity is subject to fixed-volume loading, then the convergence of the

motion variables (position and velocity) is sufficient. However, if the structure

is loaded in pressure, it must be in equilibrium with the stress variables of the

material; hence, the stresses must converge. In addition, for the management

of contacts with internal actuation systems, for example, it is sometimes nec-

essary to use a finer mesh on the surface of the objects in order not to alter

their geometric definitions, thus undermining the accuracy of the simulation.
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Successful implementations in the realm of soft robotics applications exist.

The software SOFA implements the FEM to simulate continuum solid mechan-

ics [8], and offers solutions, such as model reduction [9], to find a compromise

between accuracy and computation time. ChainQueen implements a differ-

entiable Lagrangian–Eulerian physical simulator based on the moving least

square material point method for solid mechanics, along with actuation and

contact with external objects [10]. Evosoro uses a solid mechanics engine, Vox-

elyze [11], that allows the simulation of soft multi-material robots [12]. These

three options are open-source and currently under active development. Some

relevant commercial software packages also exist, including ABAQUS [13],

ANSYS [14], COMSOL [15] and Altair [16]. These provide platforms for solv-

ing full complexity solid mechanics problems, but they are not tailored to soft

robotics.

3D continuum solid mechanics, along with the computational strategies for

solving it, allows the description of all topologies commonly required in soft

robotics, such as rods, lattices of beams, shells and volumes. These topologies

can be generated by means of computer-aided design (CAD), and standard

meshing practices. However, doing so may lead to an inexact geometrical rep-

resentation of the soft body, that in turn can yield an inaccurate solution for

the soft-body motion. This drawback could be addressed by using accurate

mesh generation practices (such as high-order mesh generation [17, 18]) and

by increasing the number of mesh nodes, or with isogeometric analysis [19].

We finally note that the framework of 3D continuum mechanics allows

for the description of robots with both soft and rigid components. To couple

soft and rigid body components, soft-body degrees of freedom at the interface

between the soft and rigid part can be expressed as rigid body position and

orientation, or coupling constraints may be introduced [20, 21].
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[H3] Shell and rod models

Many soft robots have an elongated structure with two dimensions much

smaller than the third one. For such structures, it is possible to greatly reduce

the number of degrees of freedom required to describe the robot by adopting 1D

rod models. (Sometimes, only one dimension is negligible, and 2D shell mod-

els may be adopted.) These models are in the realm of continuum mechanics

although not in 3D.

A particularly useful continuum modeling approach to describe rods and

shells in soft robotics is the Cosserat model. In this model, the 3D Boltz-

mann continuum with pointwise three (translational) degrees of freedom is

replaced by a set of infinitesimal 6D micro-solids stacked along the dominant

dimensions [22]. This intrinsic theory allows simulating the nonlinear finite

rotation of rods and shells with better accuracy and efficiency compared to

approaches deduced from a 1D or 2D reduction of the traditional 3D theory

[23]. For instance, 3D FEM co-rotational methods lead to a linearization of

the kinematic equations that is unsuitable for the analysis of arbitrarily large

rigid-body displacements [24].

The mathematical formalism underlying a Cosserat model relies on the

Lie group of rigid body transformation SE(3), due to the assumptions made

on the material microstructures. Following Ref. [25], if one considers rods, a

Cosserat rod is modeled by a continuous set of rigid cross sections stacked

along a material line parameterized by a curvilinear coordinate x = X ∈ [0, 1]

to which a cross-sectional frame F(X) = (O, t1, t2, t3)(X) is attached. O(X)

is on the midline, t1(X) is a unit normal vector perpendicular to the cross-

section, and t2(X) and t3(X) are the unit vectors spanning the cross-sectional

plane (Table 1).
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The balance of momentum underlying this model can be recast within

equation (1), where:

D becomes ∂/∂t, the partial derivative with respect to time t,

qsb becomes [v, ω]T, the velocity twist field of the soft-body composed of

the linear and angular velocity, respectively,

N becomes [Nsb,v, Nsb,ω], with Nsb,v = 1/(ρA)(∂n/∂x + n̄), and Nsb,ω =

(I−1/ρ)(−ω × (ρIω) + ∂c/∂X + ∂r/∂X × n+ c̄).

In the above equations, ρ is the density of the medium, I is the moment of

inertia, A is the area of the cross section, r is the position vector of O(X), and

n and c are the linear and angular cross-sectional stresses along the beam.

Tendon and thin fluidic actuators can be readily modeled in this framework

as active internal wrenches Cint that act directly on the cross-sectional stress.

Similar equations can be derived for Cosserat shells [26]. This modeling frame-

work is not suitable for inflated chambers and some types of smart material

actuations, which inherently require a 3D description of the soft body.

Solving Cosserat-like models requires the use of numerical methods, as they

belong to the realm of continuum mechanics. To this end, methods introduced

in the previous section — that is, FEM and spectral element methods —

are all suitable, and they are usually formulated in generalized coordinates.

Note that Cosserat models, regardless of the solution strategy, are well suited

to hybrid soft–rigid systems because the kinematics of both rigid bodies and

Cosserat material points, take values in SE(3). Furthermore, a serial, strain-

based parametrization of the Cosserat rod has been proposed that seamlessly

extends the traditional modeling approach of tree-like rigid robots to hybrid

soft–rigid system [27].

15



A few software packages and toolboxes have been proposed to solve the

equations of Cosserat models. Elastica [28] is a free and open-source soft-

ware, which provides a discrete differential geometry approximation of the

Cosserat rod model. SoRoSim [29] is a MATLAB toolbox that implements

a strain-parametrization of soft robotic arms. A piecewise-constant strain

approximation has also been included as a plug-in in SOFA [21].

Although Cosserat-like rod and shell models guarantee a good accuracy for

soft robots with one or two main dimensions (such as slender bodies) under-

going finite deformation, they are not suitable for full 3D soft robot body

deformations.

[H3] Finite-dimensional parametrization models

The models described above belong to the realm of continuum solid mechanics,

therefore they lead to sets of partial differential equations that are compu-

tationally expensive to solve. It is also possible to describe the behaviour of

the soft body via finite dimensional models. These describe the soft body

using a suitably parametrized central axis or ‘backbone curve’ that assumes

a prescribed expression. This description leads to sets of ordinary differential

equations. Solution methods are based on iterative schemes that update the

weights ai(t) in time. These involve inverse Jacobian iterations [30–32].

Finite-dimensional parameterization models have been applied to hyper-

redundant manipulators of all kinds (that is, those consisting of a large number

of rigid links, continuum filaments and soft manipulators) over several decades.

Successful implementation in the realm of soft robotics applications exist [33,

34].

The parametrization of the backbone curve can be defined as follows. Each

frame F(X) described in the previous section can be viewed as an element
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of the group of special Euclidean transformations (that is, rigid-body dis-

placements). The origin of this frame traces out the backbone curve as the

curvilinear coordinate X varies. The tangent to this curve is the normal to

the cross-sectional plane, t1(X) (Table 1). For each fixed value of time, the

combined rigid-body instantaneous translational and rotational rate of change

with respect to arclength is defined by matrix Θ(X) = [F(X)]−1(∂F(X)/∂X)

where F(X) is the roto-translational matrix describing (relative to the world

frame at the base of the robot) the orientation of the frame (via compo-

nent R(X)) and translation of the frame (via component p(X)) [30–32]. If

the backbone curve is inextensible, then the rotation matrix and the position

vector are coupled. For instance, if the tangent to the soft robot arm at its

base is e1 = [1, 0, 0]T, then the tangent at X will be R(X)e1 and integrating

the tangent along the curve generates the position as p(X) =
∫X

0
R(s)e1ds .

In general, it is always possible to use a Θ(X) that is a coordinate-free

parametrization. However, when there is coupling between the rotation matrix

and the position vector, one can use an alternative parametrization of the back-

bone curve by expanding rate-of-rotation parameters such as Euler angles. In

the planar case, they reduce to the same parametrization.

The matrix Θ(X) contains information about instantaneous rotational and

translational changes as a function of arclength. These can be extracted to

form a vector qsb = [v ω]T, where now v and ω are linear and angular

velocity with respect to arclength X instead of time t (as in the section on

shell and rod models. The vector qsb = [v ω]T can then be expanded using a

modal approach that describes the spatio-temporal behavior of v and ω. This

modal expansion is commonly defined as qsb(X, t) =
∑n

i=1 Φi(X)ai(t), where

Φi(X) are modes describing the spatial behaviour of the system, and ai(t) are

coefficients describing its evolution in time. The v-part of this vector describes
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how the backbone curve stretches and how adjacent planar sections shear

relative to each other. The ω-part of this vector describes bending and twisting,

and is related to the classical concepts of curvature and torsion of space curves.

The modal expansion includes as a special case piecewise-constant curvature

models by choosing some functions Φi(X) to be piecewise constant for some

values of X and equal to zero for others [31].

The parametrization and modal expansion lead to a set of ordinary dif-

ferential equations, that can be written using the formalism introduced in

equation (1), where

D becomes d/dt, the total derivative with respect to time t,

q̂sb becomes [v ω]T, and

N becomes −1/M [D(ssb,qsb)+K(ssb)], where ssb is the displacement of the

soft body.

The nonlinear term just introduced is derived from the robot dynamic model,

where M is the inertial matrix, D is a dissipative term that includes internal

friction and other dissipative forces (such as Coriolis forces), andK is an elastic

term that encapsulates the stiffness of the system.

The coupling with actuation is achieved via an appropriate choice of the

modal expansion, and it is commonly represented via Cint = α, where α is

the vector of actuation forces. When motors specify the angles between rigid

links of a traditional robot, the modes would be Dirac delta functions in ω to

describe revolute joints or in v to describe prismatic joints, and the weights

would be the joint angles, and the actuation forces would be joint torques. In

this sense, the modal approach can be used not only for soft/continuum robots

but also for those composed of rigid links, and for hybrids.
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[H3] Data-driven and machine learning models

In robotics, machine learning has been widely used to build kinematic and

dynamic relations between the actuators of a robot and its position in space.

Neural networks (NNs) have been used to this aim, mainly for control purposes,

implementing so-called neuro-controllers. Likewise, in soft robots, NNs can

be used to learn the soft body dynamics and solve the transformations from

the actuator space to the space of the soft body deformation and position.

Following the formalism in equation (1), one tries to learn the nonlinear and

the coupling term for internal interactions, N and Cint. Doing so results in

learning the right-hand side of equation (1) in one go, with, for example, a

NN: Dqsb = NN[qsb(k) → qsb(k + 1)], where k are different time instances.

In Ref. [35], an analysis is given of how learning-based blocks can replace

some of the steps of the longer transformation chain involved in soft robot

control. Diverse network topologies and learning paradigms can be used for

this purpose. In Ref. [36], a quantitative survey is presented, showing how

supervised learning is more widely used than unsupervised or reinforcement

learning, with references to the different techniques used. The survey presented

in Ref. [37] describes the learning techniques used for obtaining the mapping

from actuation space to task space in continuum robots.

An interesting comparison between a model-based and a learning-based

approach to the control of a same soft robot arm is presented in Ref. [38].

Although the model-based method is more accurate in controlling the end-

effector position, as seen in simulations, its error tends to increase with the

model inaccuracies, such as fabrication inaccuracies. The learning-based con-

troller error tends to be insensitive to such modeling inaccuracies, especially

if training is accomplished on the physical robot arm.
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Looking ahead, we envisage progress in integrating modeling techniques

with machine learning, where models can feed NNs and learning can replace

specific sub-system mappings. More broadly, there is a wealth of literature on

data-driven and reduced-order modeling techniques that may capture challeng-

ing aspects of soft-robot internal interactions, such as the two-way coupling in

fluid–structure interactions. System identification [39] may be viewed as a pre-

decessor of many modern techniques in machine learning, and this field has a

rich history going back at least seven decades [40]. For example, considerable

work has gone into linear system identification, based on frequency-response

and impulse-response data, which is useful for modeling small deflections,

especially when feedback control is used to keep the system in a region

where linearization is valid. For large-amplitude motions and unsteadiness,

nonlinear model reduction and system identification have become mature

techniques [41–45].

[H1] External interactions

[H2] Challenges

To benefit from embodied intelligence requires medium–robot interaction mod-

eling that can grasp the emergence of sensory–motor behaviour from the

interplay with the surrounding environment. Modeling these external inter-

actions, and coupling them with the internal interactions discussed in the

previous section, closes the gap required to modeling the physics of embodied

intelligence.

The task when modeling external interactions is to capture the complex,

time-varying forces between the actuated soft-robot structures and the sur-

rounding medium. The dynamics of fluids and deformable solids are generally

nonlinear and unsteady, and interactions between the soft robot and the
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medium may create complex feedback loops and hysteresis effects. The key

challenges to modeling external interactions are:

• the multiphysics nature of the problem, which requires substantial interdis-

ciplinary efforts; and

• the partially known interfacial physics and unmodeled dynamics (such as

nonlinear friction and turbulent drag).

In the following, we focus on medium–robot interactions, denoted by the cou-

pling term Cext introduced in equation (1). The surrounding medium is either

a fluid or a solid. (We note that the surrounding environment may also consist

of heterogeneous granular material, which may require different methods than

those presented here. Yet, the case of solid or fluid media is sufficiently general

to provide an effective guide on modeling interactions between soft bodies and

the environment.)

The robot is assumed to be described by the models presented in the section

on internal interactions, along with its actuation. In general, any of the soft-

body models discussed above can be used in conjunction with the models

introduced here, unless otherwise specified. Table 2 summarizes the models

(not including data-driven methods).

[H2] Fluid models

When fluid forces acting on a robot have a tangible impact on movement and

robot movement affects fluid flow, as with the octopus in Fig. 2, modeling fluid–

robot interaction becomes essential. To this end, the field of fluid–structure

interaction [46] is a key cross-discipline that should be taken into account.

We describe three main modeling strategies. We remark that we keep the

description at a general level, and we avoid entering into details that may

hinder grasping the essence of these modeling strategies.
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[H3] Continuum fluid mechanics models

In analogy to continuum solid mechanics, the equations governing flow physics

in a continuum setting can be considered as the most general model of a

fluid interacting with the soft body described above (Table 2). The equations

describing continuum fluid mechanics are the Navier–Stokes equations, con-

stituted, in the most general case, by conservation of mass, momentum and

energy. From a soft robot perspective, the action of the fluid modeled by the

Navier–Stokes equations emerges in the form of equality constraints at the

interface between the soft body and the fluid, denoted by Γsb,f. In particular,

these interface constraints can be written as:

Ie,f =


qsb = qf on Γsb,f

σsb · n = σf · n on Γsb,f

xsb = xf on Γsb,f.

(2a)

(2b)

(2c)

In equation (2), qsb = vsb corresponds to the velocity of the soft body, and

qf = vf is the velocity of the fluid at the interface Γsb,f, n is the normal at

any soft body location, σf is the fluid Cauchy stress tensor composed of the

sum of the deviatoric stress tensor τ (f) (that accounts for the viscosity) and a

pressure term −pI, and xsb and xf are the positions of the soft body and fluid

interfaces, respectively.

The solution for the solid velocity is achieved through the modeling strate-

gies introduced above. The solution for the fluid velocity is instead obtained

by solving the Navier–Stokes equations. We report the momentum equation,

which can be written as: ∂(ρfqf)/∂t +∇ · (ρfqf ⊗qf) = ∇ ·σf +βf, where ρf is

the fluid density, and βf is a forcing term acting on the fluid (such as gravity).
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Depending on the nature of the problem, several approximations are possi-

ble, including incompressible Navier–Stokes equations, in which the density is

a constant; the compressible Navier–Stokes equations, in which the density is

not constant and the flow might develop shock waves; thin-layer Navier-Stokes

equations, which describe flow in thin layers; and potential flow equations that

describe irrotational flows.

The compatibility conditions in equation (2) can enter into the equations

describing the soft body (1) as Lagrange multipliers Cext = ΛTIe,f, or be

imposed as external equality constraints Ie,f or as boundary conditions. Given

the nature of the coupling, the majority of the soft body models presented

above may be used, with suitable approximations required for coupling. For

instance, in the case of continuum solid mechanics, the compatibility condi-

tions are applied to the interface nodes between the soft body mesh and the

fluid mesh (or a proxy representing the interface, if the soft body and fluid

nodes do not match). In this case, there exist two mainstream approaches for

coupling: partitioned and monolithic. The former uses a structural and a fluid

solver iteratively until convergence; the latter solves a fully coupled system of

equations in one go [47]. Conversely, when using continuum fluid mechanics in

conjunction with simplified methods, such as finite-dimensional parametriza-

tion models, one must instead lump the effect of the fluid solution into a set

of degrees of freedom compatible with the finite expansions used to describe

the deformation of the body.

In the realm of fluid–structure interaction methods, there exist well-

established solution strategies, the two main approaches being conforming

and non-conforming methods [47]. Conforming methods enforce equations (2b)

and (2c), whereas non-conforming methods enforce equation (2a). Conform-

ing methods can be used in conjunction with partitioned methods, for which
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a popular algorithm is the arbitrary Lagrangian Eulerian approach [48]. Non-

conforming methods are typically used with monolithic methods, for which a

popular algorithm is the immersed boundary method [49–51].

Continuum fluid mechanics and its interaction with soft bodies has been

investigated in biology [52, 53]. However, muscular activation and its full cou-

pling with the fluid remains problematic. This issue is also present for soft

robots, in which muscular activation is replaced by actuation strategies as dis-

cussed above. For instance, in the case of fluidic actuation, it is necessary to

consider the coupling of both the external and internal fluids with the soft

body. Accurate coupling of the external fluid with the soft body dynamics

and actuation system, and the coupling of the actuation system with the soft

body, constitute an important modeling challenge in this context. In addi-

tion, computational costs further hamper the use of continuum fluid mechanics

models.

To solve the equations arising in this modeling strategy, there exist both

commercial and open-source multiphysics packages. These include ANSYS [14]

and COMSOL [15], Altair [16], Flow3D [54], Adina [55], and OpenFOAM [56].

However, these packages are not readily tuned for soft robotics applications.

For example, implementing actuation strategies in a nonlinear elastic material

interacting with an external fluid described by the Navier–Stokes equations,

where both internal and external interactions are fully coupled with the soft

body, remains challenging.

Continuum fluid mechanics can fully capture the effect that a fluid has

on a soft robot. However, its inherent computational costs make these models

prohibitive to use for practical design and control purposes, and to date they

have found limited use in soft robotics. As computational resources become

more available and underlying algorithms more efficient, the scope of these
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models will expand and they may be eventually used for design and control

purposes. Yet today they can already be adopted for high-fidelity simulations

that grasp the complex behaviour of biological and soft robotics systems inter-

acting with a fluid, and extract the key physical principles underlying their

embodied intelligence. These principles can in turn improve simplified and less

expensive models used for design and control.

[H3] Lumped parameter models

In some circumstances, it is acceptable and convenient to simplify the descrip-

tion of the fluid interacting with the soft body. In these cases, one no longer

solves the equations governing continuum fluid mechanics, but aggregates the

overall effect of the fluid into a set of lumped contributions. The main lumped

contributions consist of added mass (fadded mass), drag(fdrag) and/or lift (flift)

forces, and buoyancy (fbuoyancy) (Table 2). These can be included as forces in

the coupling term Cext as: Cext = fadded mass + fdrag + flift + fbuoyancy.

The added mass is the virtual mass or inertia added to the soft robot

due its need to move the fluid surrounding it. For instance, if the soft body

were a simple sphere immersed in an incompressible fluid, the added mass

would be fadded mass = (1/2)ρfVsb[Dqf/Dt − dqsb/dt], where Dqf/Dt is the

material derivative of the fluid velocity, dqsb/dt is the total derivative of the

spherical soft body velocity, ρf is the fluid density and Vsb is the volume of

the spherical soft robot. Drag and lift forces are typically proportional to the

velocity of the fluid flowing around the soft body, and can be calculated as

fdrag = (1/2)ρf qf Asb Cdrag, and flift = (1/2)ρf qf Asb Clift, where Asb is the

area of the soft body exposed to the fluid, and Cdrag and Clift are the drag

and lift coefficients that, for simplified geometries, are commonly tabulated.

Finally, the buoyancy term is typically accounted for as a net vertical force

composed of buoyancy plus gravity.
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Cext enters into the right-hand side of the soft-body equation (1) as a forcing

term, and can be used in conjunction with any of the models for internal inter-

actions. The lumped contributions must correctly interface with the degrees

of freedom of the soft body. In the case of continuum solid mechanics mod-

els, the lumped forces should be distributed onto the nodes underlying the

discretization of the soft body. Similarly, for finite-dimensional parametriza-

tion models, Cext should be applied to the degrees of freedom of the functional

parametrization adopted.

The coupling Cext, and its constitutive components, (added mass, lift,

drag and buoyancy) depend on the shape of the soft body, and therefore can

change over time as an effect of actuations or interactions with the environ-

ment. Employing such changes to increase efficiency, to direct behaviours, or

to improve performances is key to establish quantitative advantages of soft

robotics.

In practice, due to the computational costs of a complete coupling

between continuum fluid mechanics and continuum solid mechanics models,

the forces expressed in Cext are often coupled with continuum solid models

of soft robots[57, 58]. For instance, a lumped-parameter model for fluid-solid

interaction can be used for simulating a flagellate [58] (Fig. 4a).

Eventually, even if external forces are included without using continuum

fluid mechanics, the dependence of such forces on shape-varying coefficients

makes it possible to reach a trade-off between accuracy and relevance of simu-

lation, with the computational power available for modelling. This trade-off is

similar to fluid–structure interaction in the aerospace industry: whereas com-

plete coupled simulations are used for design, flight simulators employ a similar

coupling to match fidelity of simulation with real-time computation.
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[H3] Data-driven and machine learning models

Data-driven and machine learning methods have become widely used for

modeling complex fluids [59–61]. Several approaches have leveraged machine

learning to directly speed up high-fidelity simulation of the Navier–Stokes

equations, especially those involving turbulence [62–65]. Indeed, for complex

flows, it is often impractical to resolve all scales of the flow, and instead

researchers employ turbulence models, such as the Reynolds-averaged Navier–

Stokes (RANS) equations or large eddy simulation (LES). These approximate

the smaller scales, and allow for less computationally expensive simulations

of the Navier–Stokes equations. Machine learning is rapidly advancing these

computational fields [59], providing enhanced data-driven turbulence clo-

sures [66–70]. For further reduction in computation, it is often possible to

develop reduced-order models (ROMs) that are tailored to a specific flow

and provide an optimal balance between accuracy and efficiency. ROMs are

typically at least partially data-driven, as they are based on modal decom-

positions [71], and they have close connections to machine learning. Several

approaches have provided more accurate and generalizable ROMs, for exam-

ple based on sparse regression [43, 44, 72–74], operator inference [42, 45], and

the use of deep neural networks to learn effective coordinate systems [75].

Other promising techniques for physics computation based on machine learning

include physics-informed NNs [76] and deep operator networks [77].

In addition to using machine learning techniques to develop surrogate

models for the complex fluid environment, there is also a need to model dis-

crepancies that arise in complex multiphysics applications. The equations of

a simple fluid are relatively well understood, but interfacial dynamics, non-

Newtonian fluids and multiphase flows all pose significant modeling challenges

even to represent the fundamental physical effects in a full-fidelity model, let
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alone in a reduced-order model. There are considerable efforts to use machine

learning approaches to model these discrepancies between observed data and

idealized physical models. More generally, machine learning is complementing

the mature fields of system identification and reduced-order modelling [41–

45], where there are a host of modeling techniques ranging from rather opaque

(that is, black box) to transparent (that is, white box). There have been sev-

eral efforts to augment physics-based approaches with machine learning to

model the discrepancy between the physics model and observed data; doing

so is often referred to as residual learning and has been used to model fluid

effects in flying robots [78].

[H2] Solid models

A model of solid–robot interaction should accurately capture how normal

forces, tangential forces or friction, and adhesion and/or cohesion forces

affect and can therefore be leveraged by the soft body. To this end, contact

mechanics [79] and tribology [80] represent the key broad cross-disciplines for

modeling solid–robot interaction, where modeling the microstructure — such

as roughness and topography — can be crucial for tasks like gripping [81].

[H3] Continuum 3D solid mechanics models

The models underlying continuum solid mechanics have been introduced in

the section on continuum solid mechanics for modelling internal forces. These

models can be used also to describe a surrounding deformable solid medium

(Table 2). Its interaction with the soft robot is described by the coupling term

Cext introduced in equation (1). This coupling is typically the result of a series

of constraints that need to be satisfied at the interface between the soft robot

and the solid medium. Such constraints are similar to the one introduced for

external fluids, except that they need to account for complementarities, that is,
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when the system transitions from no contact to contact, or from static friction

to dynamic fiction (that is, from no tangential relative movement between two

elastic surfaces to relative tangential movement).

For instance, the normal contact between two elastic surfaces can be mod-

eled using the Signorini framework, which uses a distance function Sn to

measure the distance between two surfaces along the normal direction. Sig-

norini’s formulation can be written as Sn(q) ⊥ σn, where σn is the stress along

the normal direction n at the contact interface, and the symbol ⊥ denotes

complementarity: if Sn(q) > 0 then σn = 0 (no contact); if Sn(q) = 0 then

σn > 0 (contact). Tangential or frictional contact can instead be modeled

using the Coulomb’s law framework, where the complementarity is given by

the relation σt = µsσn. Here, complementarity arises from static and dynamic

friction. For σt ≤ σmax there is static friction (no relative sliding of the two

surfaces), whereas for σt > σmax there is dynamic friction (relative sliding

of the two surfaces), where σmax is the maximum value of stress that allows

static friction.

These interface conditions need to be encapsulated into the continuum

solid mechanics models describing the soft robot and the elastic solid medium

interacting with the robot, in a similar manner as for external fluids, for

the constraints in equation (2). They can for instance be embedded into the

equations through the term Cext = Ie,sΛ, using Lagrange multipliers for the

constraints. However, one must account for the complementarities in the con-

tact and friction laws. These complementarities create jumps in velocities.

When the coupled system transitions from one regime to another (for instance,

from no contact to contact, or from static to dynamic friction), the inertial

terms underlying the system of equations is not defined.
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Solving this contact problem requires numerical methods that account for

these complementarities and the singularities they produce. One strategy is

first to calculate Sn(q) using a measurement of proximity distance, interpen-

etration distance, interpenetration volumes, or a precise measurement of the

moment and the contact configuration between two simulation steps. Follow-

ing this detection, a set of constraints are defined, often on contact points (but

one can extend to volumes or to non-planar surfaces). Finally, the solution

is obtained with numerical strategies such as Lagrange multipliers, penalty

methods and augmented Lagrangian methods, in conjunction with optimiza-

tion solvers dedicated to complementarity problems. The time-integration of

the resulting equations is achieved via event-driven or time-stepping methods

that account for the singularity in the underlying equations [82, 83].

An example of successful implementation of this strategy is the formulation

of the contact problem to solve an inverse model for the control of a soft

robot [84], which leads to writing a quadratic problem with complementarity

constraints (also referred to as QPCC).

Most of the major multiphysics computational software packages already

mentioned, including ABAQUS [13], ANSYS [14] and COMSOL [15], can be

used to solve contact between two elastic solids, yet they are not necessarily

tailored to soft robotics applications. Ref. [85] provides a review of physical

engines for simulation in robotic applications; most of these engines support

contact modeling. However, not all engines are adapted to deformable robots,

especially to simulate volume deformations. We note the SOFA software [86],

originally dedicated to medical simulation, offers plug-ins dedicated to soft

robotics and proposes implementations of FEM and Cosserat rods that are

compatible with contact modeling (Fig. 4b).
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Similar considerations as for continuum fluid mechanics can be made.

In particular, these models are computationally expensive, and may lead to

impractical solutions for soft robotics applications today, especially in the

context of real-time control.

[H3] Lumped parameter models

Like fluid models, the contact between two surfaces can be modelled in a sim-

plified way by aggregating its effects into lumped contributions. For instance,

if the external solid can be considered rigid, one can introduce some simplifica-

tions to the continuum 3D solid mechanics model outlined above. In particular,

the state qs of a rigid body can be represented by the position of its center

of mass, its orientation and its linear and angular velocity (Table 2). Once

these are known, it is possible to formulate the rigid-robot interaction prob-

lem. Doing so implies identifying the point of contact between the soft body

and the rigid solid, and applying an equivalent frictional force f and torque

τ , induced by the interaction between the soft and the rigid body. The inter-

action surface between the rigid solid and the soft robot is typically modeled

as a planar surface. This leads to models that contain only the three degrees

of freedom associated to frictional forces at the planar surface, f .

In practice, a soft robot interacting with a rigid body has non-planar

contact surfaces, with multiple points of contact. As a result there are

three additional degrees of freedom, and the model for the normal and

frictional wrenches is six-dimensional, as both force f and torque τ are

three-dimensional. Following the formalism adopted in Ref. [87], one can

define the normal force as fn = −
∫
S
p · ndS and the resulting torque as

fn = −
∫
S
p · [(r × n]dS, and the frictional force as f t = −µ

∫
S
p · vrdS and

resulting torque as τ t = −µ
∫
S
p · [r × vr] dS, where S is the contact surface,

vr is the relative velocity between the rigid solid and the soft robot, n is the
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normal to the contact surface, r is the torque arm, p is the contact pressure

distribution and µ is the friction coefficient.

The coupling is achieved by encapsulating these forces and torques into the

coupling term Cext, which acts as a forcing term on the right-hand side of the

soft body equation, that is, Cext = fn + τn + f t + τ t.

The computational costs associated with these models are relatively small

compared to those of the interaction between two deformable solids.

Soft-robotics applications of this modeling strategy exist, both in terms

of analytical approaches [88, 89] and computational models [8, 90, 91], that

focused on simulating contact behaviours of soft robot grasping and manipula-

tion as well as crawling [92, 93]. An inverse model of soft robots in situations of

frictionless contact [84] and adhesive contact has been investigated for control

of manipulation and locomotion [94].

These models can be broadly applied for describing several tasks involving

the interaction of the soft robot with rigid solids, for example, and similar

considerations as for lumped parameter models of interactions with external

fluids can be made.

[H3] Data-driven and machine learning models

Modeling of friction and normal contacts is notoriously difficult, and a high

prediction accuracy is onerous to achieve, especially for soft-bodied robots

that interact with environments or objects with vastly different surface proper-

ties. In this context, machine learning and data-driven approaches have found

limited use thus far, with a few exceptions.

There have been efforts to close sim-to-real gaps by augmenting simulation

representations with NNs [95–99]. These efforts attempt to reduce the uncer-

tainty that contact with unknown objects or environments introduces. A naive

approach is to learn the mapping of the previous to the next state directly,
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which involves using a NN to replace the nonlinear equations N in equation (1)

and the actuation and solid–solid interaction constraint force terms. However,

doing so is impractical for complex robots, and it is best to acquire data for

interactions — such as frictional contact — that lead to prediction inaccuracies

in state-of-the-art models, and to only learn corrections.

[H1] From models to practice

As the previous sections indicate, presenting the models involved in describing

soft robots and embodied intelligence inside a unified framework is helpful

but challenging. Therefore, it is not surprising that a structured modeling

framework for the physics of interactions in soft robotics remains elusive. High-

dimensional models (such as continuum 3D solid mechanics models) have found

relatively little use in soft robotics, due to their computational costs, and

thus limited applicability for control and design purposes. Conversely, low-

dimensional models (such as lumped parameter models) have been instead

used with different degrees of success, due to their simplifications, which may

be unable to capture the rich physics of internal and external interactions.

High-dimensional models can provide a framework for simulating inter-

nal and external interactions. Embodied intelligence shifts the challenges of

realizing a specific task from the control algorithm to such interactions, and

therefore to the design stage. The models presented could be employed to

investigate the optimal design to achieve a specific task with minimal feed-

back control strategies, or open-loop feedback. As an example, in the case of

manipulation, designs could be investigated to obtain effective grasping on a

variety of objects using the same basic low-level control strategy (by inflat-

ing a pneumatic chamber, or pulling a tendon). These simulations, in turn,

can be used to understand the principles behind an observed and/or desired
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behaviour and may eventually be adopted for automatic design [92, 93, 100] in

the future, if computational power and algorithms will allow for a sufficiently

fast model-driven workflow.

It is worth mentioning that embodied intelligence points toward the effec-

tive expression of a certain behavior, and not to the accurate expression of it.

That is, the fingers of a soft gripper are free to adapt to external interactions

up to the point that the grasp is still stable, and no control actions are expected

to place a specific finger in a specific position. Although this characteristic is

usually obtained by physical prototyping and testing a mock-up (the trial-and-

error approach), it can also be obtained with high-dimensional models, with

the further benefit of including stochastic disturbances to the actuation, mate-

rials or interaction. The principles of embodied intelligence allow the design

of robust agents that express the desired behavior in presence of disturbances,

and therefore the sim-to-real gap can be reduced by looking for such robust

designs.

At the same time, having high-dimensional models also permits construct-

ing improved approximated and low-dimensional representations of soft robots

that capture their overall behaviour at a cheaper computational cost, feasi-

ble for design and control purposes today. Indeed, high-dimensional models

can capture the key components underpinning embodied intelligence physical

principles, thereby allowing for a more accurate low-dimensional description

of how soft robots can achieve the embodied intelligence of biological systems.

As an example, Fig. 2 depicts a low-dimensional model for the underwater

locomotion of an octopus [101]. A low-dimensional description typically con-

sists of a representation of the behaviour of the system in a reduced space,

composed by far fewer degrees of freedom than the original high-dimensional
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counterpart [9, 102]. Therefore, one must identify a suitable low-dimensional

representation that retains sufficient accuracy to describe the whole system.

The discovery of low-dimensional representation (often referred to as fun-

damental or parsimonious models) is currently done empirically by observing

the system. If a high-dimensional model is available, the synthesis to the lower-

level counterpart (if any) can be obtained more systematically. Accurately

informed fundamental models can capture the overall behaviour of the soft

robot and expose a few key aggregate physical parameters to describe a spe-

cific task (such as locomotion or arm movements). These fundamental models

provide a generic base upon which specific morphology and/or control could

be developed, following the template/anchor approach proposed in Ref. [103].

Analysis of fundamental models might improve understanding of the system

and expose quantitative advantages of compliant robots over rigid ones.

This concept has been successfully employed in underwater legged robots,

in which shape-dependent forces, elastic leg elements and pushing-based actu-

ation interweave to shape the basin of attraction of the hopping limit cycle.

Shape morphing proved how deformable bodies can be exploited to over-

come actuation limits [104]. Another remarkable example is the use of elastic

components of a soft robotic squid to increase swimming efficiency [105].

The relationship between internal and external forces, mediated by actuation

frequency, was captured in an approximate and simplified way using a second-

order forced oscillation model. In both examples, the models are not a low-level

counterpart of the models presented in this Technical Review, but are funda-

mental models that capture the specific behavior of interest, and can provide

insights into the design of actual soft robots.

All three main models for of internal and external interactions with fluid

and solid media may benefit from advances in machine learning for modeling
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dynamical systems [60, 62, 63]. However, there are considerable challenges

associated with using machine learning models for design, optimization and

control. Many machine learning algorithms, such as deep learning, suffer from

limited interpretability and generalizability. Although they can find patterns in

training data, the resulting models are often inscrutable and may have limited

ability to model scenarios that are not captured in the training data. Whereas

training data is plentiful for applications such as image classification, so that

many uses of a machine learning model are interpolatory in nature, when

designing a new physical system, such as a soft robot, the model must be able

to generalize to new regimes that have not been characterized in the training

data — otherwise a model would not be needed. This extrapolatory capability

is particularly important for inverse-based design optimization, where it is

necessary to model the dependence of the system on the parameters it will

be optimized over. Further, when using machine learning models for design

optimization, any computational savings must be balanced against the cost of

acquiring training data, which is often substantial. Using machine learning for

control is easier to justify, as model training is considered an offline expense

that is justified by the increased speed and performance of the model in online

use. We note that these challenges have been debated for decades, long before

the rise of machine learning, to understand the role of reduced-order models

more generally in design optimization and control.

[H1] Outlook

We believe that, in contrast to the current trial (physically build the robot)

and error (robot testing) approach, soft-robot design can transition to a model-

informed workflow. Indeed, prototype-driven design (that is, trial-and-error)

was likely the fastest and most efficient way to proceed, especially when soft
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robotics was in the exploratory phase. Today, the field is at a stage where

computational modelling within a model-driven umbrella can enable scaling

up soft-robot design in response to application needs; holistic model-based

control embedding external interactions; and high-fidelity simulations, opening

the path towards soft-robot digital twins. This transition is within grasp, in an

interdisciplinary dialogue of roboticists with communities like computational

physics, applied mathematics, scientific computing and machine learning. This

unified approach will allow soft robotics to thrive in the next few decades and

establish itself as a model-driven scientific discipline that can tangibly impact

human activities.
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[26] Boyer, F., Renda, F.: Poincaré’s equations for cosserat media: Applica-

tion to shells. Journal of Nonlinear Science 27(1), 1–44 (2017)

[27] Renda, F., Seneviratne, L.: A geometric and unified approach for mod-

eling soft-rigid multi-body systems with lumped and distributed degrees

of freedom. In: 2018 IEEE International Conference on Robotics and

Automation (ICRA), pp. 1567–1574 (2018). https://doi.org/10.1109/

ICRA.2018.8461186

[28] Gazzola, M., Dudte, L., McCormick, A., Mahadevan, L.: Forward and

inverse problems in the mechanics of soft filaments. Royal Society open

science 5(6), 171628 (2018). https://doi.org/10.1098/rsos.171628

[29] Mathew, A.T., Hmida, I.B., Armanini, C., Boyer, F., Renda, F.: Sorosim:

a matlab toolbox for soft robotics based on the geometric variable-strain

40

https://doi.org/10.1007/s11831-017-9232-5
https://doi.org/10.1089/soro.2018.0007
https://doi.org/10.1089/soro.2018.0007
https://doi.org/10.1109/ICRA.2018.8461186
https://doi.org/10.1109/ICRA.2018.8461186
https://doi.org/10.1098/rsos.171628


approach. arXiv preprint arXiv:2107.05494 (2021)

[30] Fu, Q., Gart, S.W., Mitchel, T.W., Kim, J.S., Chirikjian, G.S., Li, C.:

Lateral oscillation and body compliance help snakes and snake robots

stably traverse large, smooth obstacles. Integrative and comparative

biology 60(1), 171–179 (2020)

[31] Chirikjian, G.S., Burdick, J.W.: A modal approach to hyper-redundant

manipulator kinematics. IEEE Transactions on Robotics and Automa-

tion 10(3), 343–354 (1994)

[32] Kim, B., Ha, J., Park, F.C., Dupont, P.E.: Optimizing curvature sensor

placement for fast, accurate shape sensing of continuum robots. In: 2014

IEEE International Conference on Robotics and Automation (ICRA),

pp. 5374–5379 (2014). IEEE

[33] Suzumori, K., Iikura, S., Tanaka, H.: Development of flexible microac-

tuator and its applications to robotic mechanisms. In: Proceedings.

1991 IEEE International Conference on Robotics and Automation, pp.

1622–1623 (1991). IEEE Computer Society

[34] Webster III, R.J., Jones, B.A.: Design and kinematic modeling of con-

stant curvature continuum robots: A review. The International Journal

of Robotics Research 29(13), 1661–1683 (2010)

[35] George Thuruthel, T., Ansari, Y., Falotico, E., Laschi, C.: Control strate-

gies for soft robotic manipulators: A survey. Soft robotics 5(2), 149–163

(2018)

[36] Kim, D., Kim, S.-H., Kim, T., Kang, B.B., Lee, M., Park, W., Ku, S.,

Kim, D., Kwon, J., Lee, H., et al.: Review of machine learning methods

41



in soft robotics. Plos one 16(2), 0246102 (2021)

[37] Wang, X., Li, Y., Kwok, K.-W.: A survey for machine learning-based

control of continuum robots. Frontiers in Robotics and AI, 280 (2021)

[38] Giorelli, M., Renda, F., Calisti, M., Arienti, A., Ferri, G., Laschi, C.:

Neural network and jacobian method for solving the inverse statics of

a cable-driven soft arm with nonconstant curvature. IEEE Transactions

on Robotics 31(4), 823–834 (2015)

[39] Juang, J.N.: Applied System Identification. Prentice Hall PTR, Upper

Saddle River, New Jersey (1994)

[40] Brunton, S.L., Kutz, J.N.: Data-Driven Science and Engineering:

Machine Learning, Dynamical Systems, and Control. Cambridge Univer-

sity Press, ??? (2019)

[41] Benner, P., Gugercin, S., Willcox, K.: A survey of projection-based model

reduction methods for parametric dynamical systems. SIAM review

57(4), 483–531 (2015)

[42] Peherstorfer, B., Willcox, K.: Data-driven operator inference for nonin-

trusive projection-based model reduction. Computer Methods in Applied

Mechanics and Engineering 306, 196–215 (2016)

[43] Brunton, S.L., Proctor, J.L., Kutz, J.N.: Discovering governing equations

from data by sparse identification of nonlinear dynamical systems.

Proceedings of the National Academy of Sciences 113(15), 3932–3937

(2016)

[44] Loiseau, J.-C., Brunton, S.L.: Constrained sparse Galerkin regression.

42



Journal of Fluid Mechanics 838, 42–67 (2018)

[45] Qian, E., Kramer, B., Peherstorfer, B., Willcox, K.: Lift & learn: Physics-

informed machine learning for large-scale nonlinear dynamical systems.

Physica D: Nonlinear Phenomena 406, 132401 (2020)

[46] Dowell, E.H., Hall, K.C.: Modeling of fluid-structure interaction. Annual

review of fluid mechanics 33(1), 445–490 (2001)

[47] Hou, G., Wang, J., Layton, A.: Numerical methods for fluid-structure

interaction—a review. Communications in Computational Physics 12(2),

337–377 (2012)

[48] Souli, M., Benson, D.J.: Arbitrary Lagrangian Eulerian and Fluid-

structure Interaction: Numerical Simulation. John Wiley & Sons, ???

(2013)

[49] Mittal, R., Iaccarino, G.: Immersed boundary methods. Annu. Rev. Fluid

Mech. 37, 239–261 (2005)

[50] Taira, K., Colonius, T.: The immersed boundary method: a projection

approach. Journal of Computational Physics 225(2), 2118–2137 (2007)

[51] Goza, A., Colonius, T.: A strongly-coupled immersed-boundary formu-

lation for thin elastic structures. Journal of Computational Physics 336,

401–411 (2017)

[52] Dickinson, M.H., Farley, C.T., Full, R.J., Koehl, M., Kram, R., Lehman,

S.: How animals move: an integrative view. science 288(5463), 100–106

(2000)

[53] Lauder, G.V.: Fish locomotion: recent advances and new directions.

43



Annual review of marine science 7, 521–545 (2015)

[54] FLOW3D software. https://www.flow3d.com. Accessed: 2021-10-27

[55] Adina software. http://www.adina.com. Accessed: 2021-10-27

[56] Weller, H.G., Tabor, G., Jasak, H., Fureby, C.: A tensorial approach to

computational continuum mechanics using object-oriented techniques.

Computers in physics 12(6), 620–631 (1998)

[57] Renda, F., Giorgio-Serchi, F., Boyer, F., Laschi, C., Dias, J., Seneviratne,

L.: A unified multi-soft-body dynamic model for underwater soft robots.

The International Journal of Robotics Research 37(6), 648–666 (2018).

https://doi.org/10.1177/0278364918769992

[58] Armanini, C., Farman, M., Calisti, M., Giorgio-Serchi, F., Stefanini,

C., Renda, F.: Flagellate underwater robotics at macroscale: Design,

modeling, and characterization. IEEE Transactions on Robotics (2021)

[59] Duraisamy, K., Iaccarino, G., Xiao, H.: Turbulence modeling in the age

of data. Annual Reviews of Fluid Mechanics 51, 357–377 (2019)

[60] Brunton, S.L., Noack, B.R., Koumoutsakos, P.: Machine learning for

fluid mechanics. Annual Review of Fluid Mechanics 52, 477–508 (2020)

[61] Vinuesa, R., Brunton, S.L.: The potential of machine learning to enhance

computational fluid dynamics. arXiv preprint arXiv:2110.02085 (2021)

[62] Bar-Sinai, Y., Hoyer, S., Hickey, J., Brenner, M.P.: Learning data-

driven discretizations for partial differential equations. Proceedings of

the National Academy of Sciences 116(31), 15344–15349 (2019)

44

https://www.flow3d.com
http://www.adina.com
https://doi.org/10.1177/0278364918769992


[63] Kochkov, D., Smith, J.A., Alieva, A., Wang, Q., Brenner, M.P., Hoyer,

S.: Machine learning accelerated computational fluid dynamics. arXiv

preprint arXiv:2102.01010 (2021)

[64] Wang, R., Walters, R., Yu, R.: Incorporating symmetry into deep dynam-

ics models for improved generalization. arXiv preprint arXiv:2002.03061

(2020)

[65] Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stu-

art, A., Anandkumar, A.: Fourier neural operator for parametric partial

differential equations. arXiv preprint arXiv:2010.08895 (2020)

[66] Ling, J., Kurzawski, A., Templeton, J.: Reynolds averaged turbulence

modelling using deep neural networks with embedded invariance. Journal

of Fluid Mechanics 807, 155–166 (2016)

[67] Maulik, R., San, O., Rasheed, A., Vedula, P.: Subgrid modelling for

two-dimensional turbulence using neural networks. Journal of Fluid

Mechanics 858, 122–144 (2019)

[68] Novati, G., de Laroussilhe, H.L., Koumoutsakos, P.: Automating turbu-

lence modelling by multi-agent reinforcement learning. Nature Machine

Intelligence 3(1), 87–96 (2021)

[69] Beetham, S., Capecelatro, J.: Formulating turbulence closures using

sparse regression with embedded form invariance. Physical Review Fluids

5(8), 084611 (2020)

[70] Beetham, S., Fox, R.O., Capecelatro, J.: Sparse identification of mul-

tiphase turbulence closures for coupled fluid–particle flows. Journal of

Fluid Mechanics 914 (2021)

45



[71] Taira, K., Brunton, S.L., Dawson, S., Rowley, C.W., Colonius, T., McK-

eon, B.J., Schmidt, O.T., Gordeyev, S., Theofilis, V., Ukeiley, L.S.:

Modal analysis of fluid flows: An overview. AIAA Journal 55(12),

4013–4041 (2017)

[72] Loiseau, J.-C., Noack, B.R., Brunton, S.L.: Sparse reduced-order mod-

eling: sensor-based dynamics to full-state estimation. Journal of Fluid

Mechanics 844, 459–490 (2018)

[73] Deng, N., Noack, B.R., Morzynski, M., Pastur, L.R.: Low-order model for

successive bifurcations of the fluidic pinball. Journal of fluid mechanics

884(A37) (2020)
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Model D qsb Nsb Cint Software tools

Continuum 3D
solid mechanics

x
y

z

X X

!0(X ) = (O0, t1, t2, t3)(X )

!s1(X ) = (Os1, t1, t2, t3)(X )

!s2(X ) = (Os2, t1, t2, t3)(X )
Backbone Backbone

Rigid 
cross 
sections

Computational 
mesh

!0(X )

!p1(X )

!p2(X )

∂/∂t vsb ∇ · σsb Actuation
imposed as equal-
ity and inequality
constraints:
Ie,Ii, through

ΛT Ie + ΘT Ii
(e.g., Lagrange
multipliers) (used
with 1D, 2D, 3D
actuation)

SOFA [8]; Chain-
Queen [10];
Evosoro [12];
Voxelyze [11];
ABAQUS [13];
ANSYS [14];
COMSOL [15];
Altair [16]

Rods and shells,
e.g., Cosserat

X

!0(X )

!s1(X )

!s2(X )
Backbone

Rigid 
cross 
sections

∂/∂t [v, ω]T [Nsb,v,Nsb,ω ]T :

Nsb,v = 1/(ρA)(∂n/∂x +

n̄),

Nsb,ω = I−1/ρ[−ω ×
(ρIω)+∂c/∂X +∂r/∂X ×
n + c̄]

Actuation
imposed as active
internal wrenches
α, τ (used with
1D, 2D actuation)

SOFA [8];
Elastica [28];
SoRoSim [29]

Finite-
dimensional
parametrization

x
y

z

X X

!0(X ) = (O0, t1, t2, t3)(X )

!s1(X ) = (Os1, t1, t2, t3)(X )

!s2(X ) = (Os2, t1, t2, t3)(X )
Backbone Backbone

Rigid 
cross 
sections

Computational 
mesh

!0(X )

!p1(X )

!p2(X )

d/dt [v ω]T −1/M [D(ssb, qsb) +
K(ssb)]

Actuator forces
grouped in a vec-
tor α that acts
as a forcing term
(used with 1D
actuation)

Bespoke tools
written in various
languages

Table 1: Models for soft body mechanics and internal interactions,
with reference to equation (1). D, differential operator; qsb, soft body
variables; Nsb, nonlinear term describing soft body mechanics; Cint, coupling
due to internal interactions; vsb, velocity field of soft body; ssb, displacement
of soft body; σsb, soft body stress tensor

Peer review information

Display items

Fig. 1: The three main components of a typical sensory–motor
scheme, either for a robot or a biological system. A sensory system
(receptors in biology) receives inputs from the external environment, some
form of controller makes decisions (nervous system in animals), and a mechan-
ical system (musculoskeletal system in biology) acts on the environment for
accomplishing a task. Embodied intelligence can be seen as the mechanical
feedback received by the physical body from the environment. It involves the
body dynamics and morphology with no involvement of the controller. It allows
closing a very short control loop, bypassing most of the computational pro-
cesses. Figure adapted with permission from Ref. [2].
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Fluid
models

Cext Software
tools

Continuum
fluid

mechanics

!sb,f

section 6

Compatibility constraints at
interface Γsb,f:

Ie,f =


qsb = qf

σsb · n = σf · n
xsb = xf

Cext = ΛT Ie,f (e.g., Lagrange multipliers)

Segregated, monolithic approaches

ANSYS [14]
COMSOL [15]
Altair [16]
Flow3D [54]
Adina [55]

OpenFOAM [56]

Lumped
parameters

!sb,f

section 6

Fluid forces applied on the right-hand side
of equation (1) as aggregated contributions

fadded mass + fdrag + flift + fbuoyancy

Bespoke tools
written in
various

languages

Solid
models

Cext Software
tools

Continuum
solid

mechanics

!sb,s

section 6

Compatibility constraints at
interface Γsb,s:

Ie,s =


qsb = qs

σsb · n = σs · n
xsb = xs

Cext = ΛT Ie,s (e.g., Lagrange multipliers)

Complementarities

Sn(q) ⊥ σn

σt = µσn

SOFA [8]
ABAQUS [13]
ANSYS [14]

COMSOL [15]

Lumped
parameters

!sb,s

section 6

Normal and tangential forces and torques
applied on the right-hand side of equation (1) as

aggregated contributions

fn,+τn + f t + τ t

SOFA [8]
and other

bespoke tools
written in
various

languages

Table 2: Models for external interactions, with reference to
equation (1).
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Fig. 2: The scope of this Technical Review in modeling the physics
of embodied intelligence. The octopus is a proxy for a general soft body in
its environment. Three key modeling areas that contribute substantial insight
into embodied intelligence: internal interaction models, and external inter-
action models, either with a fluid medium or a solid support. We highlight
how the accurate description of internal and external interactions can lead to
low-dimensional models that capture the soft body behaviour with a reduced
number of state variables.
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Fig. 3: Examples of practical simulations in the context of inter-
nal interactions. a 3D continuum solid mechanics, solved using SOFA [8]. b
Cosserat model, solved using the methods described in Ref. [106]. c Simplified
pseudo-algorithm for internal interactions in the context of continuum models
(that is, 3D continuum solid mechanics and Cosserat method); note that spe-
cific details depend on the resolution technique adopted.
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Fig. 4: Examples of practical simulations in the context of exter-
nal interactions. a Fluid–solid interaction, using a lumped-parameter model
[58]. b Solid–solid interaction using 3D continuum mechanics, solved using
SOFA [8]. c Simplified pseudo-algorithms for fluid–solid and solid–solid inter-
actions in the context of continuum mechanics models (that is, 3D continuum
fluid and solid mechanics); note that specific details depend on the resolution
technique adopted.
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