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Abstract 

3D printing is a rapidly developing and valuable tool in medicinal research. Sadia et 

al. (2018) developed 3D printed tablets with perforating channels and concluded 

that larger channels in greater quantity dissolved more rapidly than smaller and non-

existent channels. Building on this, a computational approach to analyse the drug 

release rate limiting steps is developed. A range of 1, 2, and 3 dimensional 

geometries are used to obtain an approximation of drug release based on diffusion 

models (Siepmann, 2015), using both implicit and explicit numerical methods. 

Fickian diffusion is modelled under the assumptions that the polymer relaxation time 

is much greater than solvent diffusion time, and the formulation is uniform in drug 

content. The diffusion model can be rescaled according to tablet dimensions (often 

diameter, d, is used), and the diffusion coefficient D, to define the amount of molar 

flux through a surface area. 

Insertion of channels into the geometries tested shows that the increased drug 

release rates found experimentally is due to two factors; increased tablet surface 

area and decreased mass. Solving the diffusion equation showed that the drug 

release rate increase is largely related to the increased surface area, though it is 

inaccurate to compare the channelled tablets to whole tablets of a larger mass. 

When the tablet geometry set-up was run and rescaled to match the experimental 

data, the formulation was found to have a diffusion coefficient D of approximately 

D=6x10-10m2/s. However, the x-axis rescaling factor (tD/d2) applied to the diffusion 

equation are not applicable as the experimental data does not also follow this 

analytically derived rule. Thus, the standard Fickian diffusion model in sink 

conditions with accurate geometry is not sufficient to describe the drug release. 

Further in situ research is recommended in surface erosion and bubble formation in 

channels, alongside redesigning the experimental methodology to ensure uniformity 

where possible. 
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1. Introduction 

In this project, the drug release profiles from 3D printed, channelled tablets are studied. 

This introduction is split into 3 sections. The first provides an overview of polymers, 3D 

printing, and the applications of both in medicine. The second describes mathematical 

models of drug release, giving a concise history of the subject to provide an 

understanding of the development of the field. This ties into the final section that 

describes the step-by-step process of simulations of physical processes. Overall, this 

gives a comprehensive review of three complex subjects, using examples of drug 

release throughout, to guide the reader through the research process and conclusions 

drawn from this project. 

 

1.1. Polymers and 3D printing in medicine 

1.1.1. Polymers Overview 

A polymer is a macromolecule comprised of a repeated monomer unit exhibiting a wide 

range of different behaviours. Nowadays, using atomistic simulations, bulk mechanical 

properties can be predicted. Using a multiscale approach can lead to predictions on a 

macroscopic scale (Valavala et al., 2007), though this is computationally very expensive. 

Another, less computationally expensive approach, is to consider statistical analysis of 

the bulk behaviours. This, alongside experimental and computational techniques, gives 

an understanding of major trends in these complex macromolecules and their 

conventions (Knopp et al., 2016; Town et al., 2018). Polymer connections, or 

architecture, can exist in three main ways; linear, cross-linked or networked (Doi, 2013). 

Each type contains subsets of structures that bring about a range of applications. For 

example, hyperbranched polymers have shown great potential in anionic gene delivery, 

resulting in efficient transfer of genetic material into host cells (Qiu and Bae, 2006). The 
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developments in experimental techniques for synthesis and modification of polymers and 

analytical techniques for characterisation has resulted in a wide variety of uses. 

A majority of commercially used polymers are synthetic, and there is no one unified 

process that can be used to create polymers (Barner-Kowollik et al., 2012). A key 

property of most polymers, from polysaccharides to polyvinyl alcohol (PVA), is the 

carbon backbone. This, of course, is not a universal rule; some polymers (such as 

proteins, nylon etc) consist of an alternating carbon and nitrogen backbone, though it is 

most common for a polymer to exhibit a hydrocarbon-based structure (Shrivastava, 

2018). Carbon allows four single electrons to pair and form covalent (or polar covalent) 

bonds, leaving two bonds for substituent groups. The degree of substitution describes 

how saturated with substituent groups the backbone is. This is important for a number of 

reasons, including that any unsaturated bonds will form a double covalent bond (C=C) 

leading to the formation of stereoisomers, and if the functional groups result in long-

range intra- or intermolecular forces. The number of functional groups and isomerism 

types will vary the overall strength of these forces and how they will behave in bulk 

(Komorowska et al., 2017). 

There are a number of analytical techniques that can be utilised to study polymer 

science, from spectroscopy (Raman, IR, considering bonds specifically in the monomer 

functional groups to find the degree of substitution, for example) to rheological analysis 

(to characterise behaviour of a polymer in a gel through stress-strain testing). Each 

technique adds knowledge of the molecular structure of a specific formulation and bulk 

behaviour, and therefore potential uses. 

Polymers became widely used in medicine firstly through medical equipment, varying 

from disposable gloves to catheters (Medical Advisory Secretariat, 2019). In more recent 

years, applications in drug formulations have also developed, including but not limited to 

medical devices. Suspension of the API in the polymer matrix allows controlled drug 
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release and is dependent on the polymer chosen and its physicochemical properties 

(Raval et al., 2010; Gould et al., 1987).  

 

1.1.2. Formulation chemistry in medicine 

A typical pharmacological formulation consists of an API and excipients, and each is 

entirely dependent on the drug, its uses, and the route of administration. Drugs are typed 

by the Biopharmaceutics Classification System (BCS) according to their solubility and 

permeability (FDA, 2017): 

 

Understanding the BCS classification of a selected API is vital to deciding the type of 

formulation to be used. For example, classes II and IV crystalline drugs may be ground 

finely to overcome poor solubility, and vice versa. This fine powder must then be 

distributed in excipients that determine how the drug releases from the dosage form. A 

typical solid oral dosage form consists of the active ingredient(s) and bulking agents. For 

a more rapid release, one may consider a disintegrant or an effervescent for dissolving 

the tablet before consumption, while suspension of a drug in a typically cellulose polymer 

can slow release. Encasing drug powders or particles in gelatin capsules is also a 

method of increasing drug release rate such that the release properties are more 

dependent on the solubility of drugs, though this can add unpredictability (Wood, 1965). 

Again, there are a range of analytical techniques that are used in testing pharmaceutical 

formulations. In vitro drug dissolution assays are used during the pre-clinical drug 

development stage to gain an understanding of how a formulation will release the drug 

 High solubility Low solubility 

High permeability Class I Class II 

Low permeability Class III Class IV 

Table 1: BCS for solubility and permeability. 
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through the oral route of administration. A typical set-up for tablets and other solid oral 

dosage forms involves putting a drug loaded formulation into a beaker of hydrochloric 

acid maintained at body temperature (~37⁰C) and stirred. This imitates pH, temperature 

and churning in the stomach respectively. This system is linked to a spectroscope to 

analyse samples at time intervals to measure the amount of drug that has released into 

the solvent at each interval. The spectroscopic technique chosen will depend on the 

active pharmaceutical ingredient (API) to be measured; absorption wavelengths can be 

found from the molecular structure and a literature search. Since each bond type has a 

distinct spectroscopic absorption peak, it is important to choose one that is not common 

with other compounds in the formulation or solvent to avoid background data affecting 

the results. Overall, this testing is done as an approximate experimental setup to get an 

understanding of how the formulation will release the API in the stomach.  

To understand a drug’s permeability, cell permeability assays are performed in which a 

monolayer of cells are cultured on a semi-permeable plastic support, a test drug applied, 

and spectroscopy used to measure the amount of drug that permeates through the 

monolayer at time intervals (van Breemen and Li, 2005). It is clear that oral drug 

dissolution assays do not consider permeability; the subjects are often studied 

separately, though they closely impact each other. To be soluble in dilute hydrochloric 

acid as present in the stomach, the API must be at least partially polar. However, this 

can alter permeability, depending on the absorption pathway. For example, intracellular 

pathways rely on the ability of the drug to pass through the phospholipid bilayer, which is 

limited by its partition coefficient, which in turn is limited by its polarity (Dahan and Miller, 

2012). Considering permeable drugs with low solubility (BCS class II), it is possible to 

increase the drug release rate through modifying the formulation, without sacrificing the 

desired permeability. As stated earlier, some excipients are used to increase the drug 

release rate, and although this is currently the used and marketed method, bulking 
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agents can be common allergens (such as lactose). Another approach would be to alter 

the geometrical shape of the tablet.  

It is well-known that increasing the surface area / volume (SA/V) ratio increases the 

dissolution rate. Thus far, the only notable variation from a typical tablet shape is a 

convex disk. These structures can increase the SA/V ratio to increase drug release 

rates, with limitations due to solubility. However, recent research has optimised this 

further by creating channels in the standard tablet geometry (Munza et al., 2018). Since 

the development of 3D printing, it has become a more achievable goal to innovate the 

structure of tablets and allow for increased drug release rates without use of additives or 

affecting the permeability of drugs with low solubility. 

 

1.1.3. 3D printing techniques 

Fused deposition modelling (FDM) 3D printing is an additive manufacturing (AM) 

technology that entered the medical industry originally for training and educational 

purposes using anatomical models (Garcia et al., 2017). The process of FDM 3D printing 

begins with designing a structure using specialist software. An appropriate filament is 

then formulated to meet the requirements of the product. Particularly in pharmacological 

uses, there are physicochemical properties to be considered; thermal degradation 

temperatures of the API must be higher than the temperatures reached in the process of 

3D printing to ensure the drug maintains its molecular structure and therefore 

pharmacological effects. The mixture is melted, forced through a small opening in a 

process known as filament extrusion, and cooled to set. This is then fed into an FDM 3D 

printer, which will then build up the structure layer by layer until the final product is 

complete.  
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1.1.4. Medical uses of 3D printing 

In recent years, 3D printing has been utilised by the pharmaceutical industry with 

developments in biological materials science, resulting in uses from prosthetics to living 

tissue scaffolds (Tappa and Jammalamadaka, 2018). There is growing interest in uses in 

novel drug formulations for 3D printing (Sadia et al., 2018); while there are currently 

limited 3D printed medical devices of any sort on the market (Sharma and Goel, 2018), 

allowing complete personalisation in patient care is vital to their treatment and recovery 

(Sadia et al., 2018). Currently, solid oral dosage forms are created using a milled mixture 

of one or more active pharmaceutical ingredients (APIs) and a combination of excipients 

and casings. This is automatically distributed into tablet presses and held under pressure 

for a short time for consistency and to prevent breakage through packaging and 

transport. This rapid process allows the production of up to 1,000,000 tablets per hour 

(PPS, 2019). In contrast, the process of 3D printing is considerably slower with speeds 

up to 150mms-1 (Grieser, 2019). 

Another issue with FDM 3D printing is the resolution it can achieve. A wider nozzle 

would allow a structure to be printed more quickly with the sacrifice of detail, while a 

narrow nozzle slows down the printing speed significantly and maintains resolution 

(George et al., 2017). Also, if a geometry has regions printed without support 

underneath, either from the geometry itself or scaffolding, the structure may sag since 

the extruded filament does not set immediately (Casavola et al., 2017). However, if error 

in the physical structure is accounted for, it is still a valuable tool in modern medical 

research. The rate at which tablets and medical devices can be printed is not particularly 

of concern at this stage since it is possible to 3D print prototypes to gain proof of 

concept, then create moulds and presses for further research and eventually, 

commercialisation.  
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Technique Pros Cons Uses 

FDM Cheap 

Adjustable resolution 

Needs scaffolding 

Slow 

High temperatures 

Printing 1cm-

50cm size without 

too fine detail 

Laser Higher resolution than 

FDM 

Post-processing 

step 

Metallic and 

polymeric objects 

Concrete mix 

design 

Adjustable mixture for 

optimisation 

Extrudability is 

difficult with coarse 

concrete 

Structural 

components 

Table 2: A summary of 3D printing techniques, their pros and cons, and uses (Shakor et al., 2019; Le et al., 
2012) 

In summary, there are many 3D printing techniques that may be chosen for a specific 

purpose, each with their advantages and disadvantages. It is important to consider the 

desired outcome when deciding on a technique. 

 

1.1.5. Summary of Experimental Work 

This thesis is based on experimental work done by Sadia et al (2018), in which oral 

tablets are 3D printed using a novel, drug-loaded filament. Class II and IV drugs are 

poorly soluble, so excipients are relied on to increase the drug release rate further than 

is achievable by, for example, containing the crystalline drug in a gelatin capsule. To 

increase the drug release rate to meet British Pharmacopeia standards, channelled 

tablets were designed to increase the surface area / volume ratio. The square channels 

were either orientated across the width or length of the tablets; 18 channels across the 

width, or 9 channels through the length. The smallest channels were square with a width 

of 0.2mm and increased in 0.2mm increments to 1mm square. Various imaging 
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techniques were utilized, alongside in vitro drug release assays to monitor the amount of 

drug released at a given time interval. It was found that a minimum size of 0.6mm short, 

square channels was required to meet the standards for immediate release oral 

formulations. 

 

1.2. Mathematical Modelling of Drug Release 

1.2.1. Fourier, Heat Diffusion and Mass Diffusion 

Diffusion is defined as “the action of spreading something throughout or over a wide 

area; dispersion through a space or over a surface; an instance of this” (OED). This 

dispersion can apply to numerous physical phenomena from heat transfer to dissolution. 

It describes the overall random movement and collision of particles. This is described by 

the diffusion equation (Fourier,1822): 

𝜕𝑢

𝜕𝑡
= 𝛼∇2𝑢 

where u is temperature, α is the diffusion coefficient, t is time and ∇2 denotes the 

Laplace operator, or Laplacian. It is a second order partial differential equation (PDE) 

that allows application of a function in n Euclidian spatial dimensions (Dyke, 2014). In 

3D, Euclidian space is considered in the xyz coordinate system: 

∇2=
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑢

𝜕𝑧2
 

For 2D problems, only x and y terms are considered, and only x in 1D. Thus, the heat 

equation can be written in 1 spatial dimension: 

𝜕𝑢

𝜕𝑡
= 𝛼

𝜕2𝑢

𝜕𝑥2
 

where x is position. 
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Fourier gave rise to the idea that an equation can be decomposed into the sum of infinite 

sinusoidal functions, known as Fourier series, through calculating Fourier coefficients 

(Seeley, 2014, p.10-14). Typically, Fourier series are used to analyse periodic functions 

𝑓(𝑥 + 𝐿) = 𝑓(𝑥) due to the nature of trigonometric functions. In examples of systems 

with boundaries, it is possible to extend the period to the size of the given system, or to 

infinity, depending on boundary conditions.  

 

Consider a 1D rod in which there is a solid, uniform material of length L, with thermal 

diffusivity α. The rod is perfectly insulated along the length, so all heat flow is exclusively 

in the ±x direction, and the ends are fixed at 0⁰C. The left 2cm of the rod is heated to 

100⁰C, and the rest cooled to 0⁰C: 

𝜕𝑢

𝜕𝑡
= 𝛼

𝜕2𝑢

𝜕𝑥2
 

𝑢(𝑥, 0) = 𝑓(𝑥) 

𝑢(0, 𝑡) = 𝑢(𝐿, 𝑡) = 0 

where f(x) is a function: 

𝑓(𝑥) = {
100   𝑖𝑓 0 < 𝑥 < 0.02 
0     𝑖𝑓 0.02 ≤ 𝑥 ≤ 0.1

 

The separation of variables technique is used to solve separable differential equations 

like the one stated above. To be able to apply the separation of variables technique, it is 

assumed that the u(x,t) can be written in the form: 

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡) 

From here onwards, X(x) = X, T(t) = T, dot and prime notations are used to represent 

differentials with respect to t and x respectively. 
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As implied by the name, the technique separates the independent variables, in this case, 

x and t: 

1

𝛼𝑇
�̇� =

1

𝑋
𝑋′′ 

The LHS is entirely dependent on t and the RHS entirely dependent on x. For different 

values of t, the solution must remain constant since there are no t terms in the RHS, and 

vice versa for x values. This means we can state that both these equations are equal to 

an arbitrary constant, k, to give two separate and integrable equations: 

�̇� = 𝛼𝑘𝑇 

𝑋′′ = 𝑘𝑋 

At this stage, the characteristic equation is used to find a solution in terms of 𝜆. X has 

two possible solutions, using the positive or negative root of k from solving the 

characteristic equation: 

𝜆 = ±√𝑘 

At this stage, the solution is dependent on k, and therefore 𝜆. There are 3 general cases, 

𝜆 = 0, 𝜆 > 0, or 𝜆 < 0. Applying boundary conditions provides solutions, and in the cases 

of 𝜆 ≥ 0, the solutions are trivial, therefore, 𝜆 < 0: 

𝑋 = 𝐴𝑐𝑜𝑠(𝜆𝑥)  +  𝐵sin(𝜆𝑥) 

when 𝜆 =
𝑛𝜋

𝐿
, and n is an integer.  

𝑇 = 𝐶𝑒−𝜆2∝𝑡 

 

The superposition principle states that when a differential equation is homogeneous, the 

solution is equal to the sum of all possible solutions, and any multiple of each. Since the 
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solutions all equal 0, any combination of solutions will always equal 0. Thus, the general 

solution for this (and similar systems) is: 

𝑢(𝑥, 𝑡) =  ∑(𝑎𝑛 𝑐𝑜𝑠 (
𝑛𝜋

𝐿
𝑥) + 𝑏𝑛 sin (

𝑛𝜋

𝐿
𝑥))𝑒−𝛼(

𝑛𝜋
𝐿

)2𝑡

∞

𝑛=1

 

Fourier coefficients are then used to find a particular solution to the above equation. It is 

worthwhile noting that the variables are still somewhat separate; the grouped x terms 

describe the function, and the exponent shows decay over time.  

 

1.2.1.1.First Law and Steady State 

In 1855, Adolf Fick developed laws of diffusion that describe mathematically how 

particles move away from an area of high concentration to an area of low concentration 

(Fick, 1855). Fick’s first law defines flux, and in one spatial dimension is written as: 

𝐽 =  −𝐷
𝑑𝐶

𝑑𝑥
 

where: 

J = flux (mol m-2 s-1) 

D = diffusion coefficient (m2s-1) 

C = concentration (amount per unit volume) 

x = position 

This describes molecular flow under steady state. A steady state system is a system in 

which the processes are unchanged over time and all variables remain constant. This is 

not applicable to drug release from a tablet since there is a limited source of drug and 
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amount of solvent in the closed system (Couto et al., 2014). It will eventually reach 

steady state when the tablet is dissolved and the solution is homogeneous, though at 

this point 
𝑑𝐶

𝑑𝑥
= 0, therefore J=0. This does not provide any information on the drug 

release profile, and so is typically irrelevant to the study of drug release which considers 

pre-equilibrium states, but can be used under some circumstances, as will be discussed 

later. 

 

1.2.1.2.Second law and transient state 

Fick’s second law defines mass diffusion, and in any spatial dimension is written as: 

𝜕𝐶

𝜕𝑡
= 𝐷∇2𝐶 

where: 

D = diffusion coefficient (m2s-1) 

t = time 

C = concentration (amount of drug per unit volume) 

∇2 = Laplacian 

This describes diffusion in transient state. A transient state system is a system in which 

steady state is not yet reached. Introducing a tablet to a solvent, as is the case in in vitro 

drug release assays, disrupts equilibrium of the solvent alone, and passes through 

transient time before reaching steady state (Dutta, 2007, p.858-859). The duration of 

transient time and the processes underlying it are dependent on the initial concentration 

of the drug, its diffusion coefficient, and amount of solvent. 
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It is evident that Fick’s second law is in the exact form of Fourier’s heat equation; the 

difference between the two is the definition of thermal diffusivity, or diffusion coefficient 

(α or D respectively) (Crank, 1975, p.10-17). In Fick’s second law, the mathematical 

definition of D is dependent on the state of the medium, and the state that the medium is 

to diffuse into; a soluble solid may diffuse into gas much quicker than it will into water. 

Due to this phenomena, numerous diffusion coefficients are needed for the same 

material or formulation in different states and therefore at different temperatures. 

However, if one assumes a constant temperature and state of the tablet throughout drug 

release assays, it is possible to substitute Fick’s Second Law with the heat equation. 

This allows the use of specialist simulation software for heat diffusion that are more 

readily available for academic use.  

 

1.2.2. Drug release from polymers 

The mathematical modelling of physicochemical processes becomes complex when 

applied to pharmaceuticals since there are a great deal of factors to consider, including 

the chemical properties of the excipients and how they may interact with the API. It is 

vital to understand the assumptions that each mathematical model makes, and if this 

means a particular model would be inappropriate to describe a physical system. For 

example, in drug-loaded gels and films, a 1D model such as the Higuchi model may be 

used since most of the drug will be moving in 1 spatial dimension (Higuchi, 1961). With 

exceptions at the boundaries, it becomes a very good approximation. There are a great 

number of mechanisms and processes to be considered in modelling drug release. To 

name just a few: 

• In polymers: 

o Swelling 

o Erosion 
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o Melting and glass transition 

o Polymer state (crystalline, amorphic, quasicrystal etc) 

o Intramolecular attractions 

• API: 

o Molecular weight 

o BCS classification (solubility and permeability) 

• Whole formulation: 

o Molecular interactions between excipients, or excipients and API 

o Geometry 

o Surface area and volume (and SA/V ratio) 

o Desired route of administration 

Each of these mechanisms brings its own mathematical descriptors, from polymer 

swelling as described in Flory-Rehner theory (Flory and Rehner, 1943), to real chain 

polymer models that describe the probability of long-range monomer interactions.  

Each of these physicochemical processes must be considered and observed through 

experimentation, a search of the literature, and intuition based on the molecular structure 

of the polymers and excipients to decide which may play a role in the overall drug 

release mechanism from polymer-based formulations.  

 

1.2.3. Non-diffusion models 

1.2.3.1.Higuchi 

In 1961, Professor Takeru Higuchi created the field of physical pharmacy by 

mathematically describing the “rate of release of medicaments from ointment bases 

containing drugs in suspension” (Higuchi, 1961). He began by considering the direction 

of drug release as normal to the ointment; a good assumption considering application of 

ointments is typically on skin. (N.B.: The exception is at the edge of the application area, 
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which considering the surface area/ boundary ratio, is negligible.) Higuchi considered 

Fick’s first law and applied it to a theoretical concentration profile of a drug-loaded 

ointment in contact with a perfect sink, based on a pseudo-steady-state approach. This 

model, of course, relies on some assumptions, including: 

 (i) The device geometry is that of a thin film with negligible edge effects. 

(ii) The size of the drug particles is much smaller than the thickness of the film. 

(iii) The carrier material does not swell or dissolve. 

(iv) The diffusivity of the drug is constant (not dependent on time or position). 

(v) Perfect sink conditions are maintained throughout the experiment. 

He noted that the variables concentration, solubility and diffusion coefficient are 

controllable. This provides adaptability, and thus opened research into the underlying 

physics of drug release and its applications in formulation chemistry. This is now 

commonly done using in situ methods to simulate the effects of each physical process 

acting on the system. Advancements in computing, from GPU power to large open 

source software, has undoubtedly contributed to our ability to study the effects of 

adapting parameters through simulations and modelling.  

 

1.2.3.2.Modern mathematical models of drug release 

Since the creation of the field of physical pharmacy in the 1960s by Professor Higuchi, 

innumerable mathematical models of drug release have been developed. Each model 

relies on a specific set of assumptions to avoid negligible and/or unmeasurable factors. 

For example, it is often assumed that a formulation is perfectly uniform throughout the 

material. It is also assumed that the overall rate of reaction within a system is determined 
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by the rate-limiting step. The rate limiting step is normally defined as the slowest process 

in a reaction that limits the overall rate. This can be seen in various mathematical models 

of drug release. It is most often the case that the rate is limited by the diffusion 

coefficient of a formulation, though this can in turn be limited by other factors. A model 

with zero order kinetics assumes that the amount of drug being released from the 

system at any time is constant, thus the drug release rate is independent of the amount 

of drug present in the solvent. This typically describes catalytic systems assuming the 

catalysts are constantly saturated, so the rate at which the catalyst can only process x 

molecules per unit time (Tinoco et al, 1995). First order kinetics differ from zero order in 

that the proportion of drug released is constant. Thus, the resulting profiles are semi-

logarithmic (Oxtoby et al, 2011, p.842-845). These simple kinetics systems lead to the 

development of more specific mathematical models. In the Noyes-Whitney model, the 

rate is limited by solubility, given by 𝐾𝑤 𝑜⁄ , and the thickness of the stagnant layer 

surrounding the tablet, while the Hopfenberg model is limited by the radius of the tablet 

in each spatial dimension (Siepmann and Siepmann, 2013). The Hopfenberg model also 

considers a shape factor which allows modelling of 1D scenarios such as ointments, 2D 

scenarios as an infinite cylinder shape (with drug release only in the x and y direction), 

and 3D scenarios with spherical dosage forms. This model assumes a uniform 

degradable drug delivery system and can be applied to surface-eroding polymer 

matrices (Rahman et al., 2009, p.321).  
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1.3. Simulation of physical processes 

1.3.1. Mathematics of physical processes 

Physical processes describe the change over time of a system. Mathematically, calculus 

is the language of change. Differential equations (DEs) are equations defined by the 

change of one or more variables with respect to another. In physics, the rate of change 

is often studied (for first order DEs, or rate of the rate of change for second order, etc.); 

the consistent variable in these cases is time. These often take the form of partial 

differential equations (PDEs) since it is likely the study of the change of a property of a 

geometry with respect to time, so the variables become: 

• Parameter to be studied (pressure, temperature etc) 

• Dimension(s) geometry is in (x, y, z in Cartesian coordinate systems) 

• Time  

These equations can be solved analytically to give an exact solution by considering 

infinitesimally small timesteps to provide an exact equation that can be solved for any 

value of time without any approximations. N.B. It is often the case that PDEs cannot be 

solved analytically. They can also, however, be solved using numerical methods which 

relies on considering a discretised geometric structure and a timestep with a finite value, 

to calculate the dependent variable at each given timestep for each discrete point. 

 

1.3.2. Overview of simulations 

The simulation of physical processes provides a generally more rapid and consistent 

approach to understanding the underlying mechanisms of a system. With applications in 

a wide range of fields in physics and engineering, it has become a versatile and vital 

tool. It allows adaptation of the physical mechanisms of a process, experiment or assay 

to approximate which mechanisms are negligible, and which are the major driving forces 

of the process. Simulating a problem involves designing the geometrical shape, 
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meshing, choosing, justifying and setting the physical process or processes to consider, 

solving the equations of the processes for the meshed structure, and interpretation of 

results. Each step can then be adapted to give results as close to that of the physical 

system as possible. (Chapra and Canale, 2015, 845-850) 

 

1. Designing the geometry 

The first step often begins considering a simplified version of a geometry. For diffusion 

problems, one may begin with a basic, one-dimensional structure (such as heat diffusion 

in a uniform, insulated rod). It is easy to compare a range of changing parameters using 

rescaling in 1D to begin with, and move into more detailed 2 and 3D models once each 

parameter is understood. 

 

2. Finite element meshing and discretization 

Computationally, considering a whole, exact structure as done in analytical solutions is 

impossible since there are infinite points of a structure and infinite timesteps, regardless 

of how small the geometry or how short the time to be calculated for is. To overcome 

this, meshing is used. Finite element meshing (FEM), or discretisation, is the process of 

creating a mesh to represent a body or plane; the geometry is represented as a series of 

discrete points or nodes (Kosik et al., 2000). It allows the application of numerical 

methods to solve differential equations for a set of initial conditions. 

 There are two main methods used in meshing: structured and unstructured. A structured 

mesh, or grid, takes the form of a coordinate system, often appearing to be a simple 

cartesian grid. Unstructured meshes have little regard for coordinates and are defined by 

the node number and the numbers of adjacent nodes. It gives a more random 

appearance, though it is based on geometrical shapes. Unstructured meshes allow 
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refinement in high-detail regions, allowing for higher resolution where necessary, though 

this can slow down computational processing significantly (Geuzaine and Remacle, 

2009). Each type comes with disadvantages; it is a fine balance to get accurate and 

precise data without a long running time resulting in large data sets. Overall, this 

process, along with a defined timestep, allows the application of numerical methods to 

find solutions to equations of physical problems. 

 

3. Physics set-up 

Setting the physics of a problem is a detail-oriented process that takes significant time 

and practice to master. A good starting point is to define the materials for the geometry 

and what state they are in. A search of engineering toolboxes, the literature, and will 

provide information such as density, thermal diffusivity, viscosity, pressure etc for a 

specified material. Software packages like ANSYS, come with pre-defined materials, 

timestep options, and physical processes. This leads into assumptions made about the 

material. It is often assumed that it is uniform, at least initially; for example, in a 

simulation about compressing gas, the pressure would be uniform throughout the gas 

initially, and applied as per the geometric structure. Initial conditions are then stated. The 

initial conditions describe the known state of all parameters measured at t=0. This is 

derived from the physics of the problem to be solved and the given parameters. 

Boundary conditions (BCs), as suggested by the name, are the conditions under which 

the behaviour of a material at its boundary is calculated. This is, of course, dependent on 

the physical system being simulated. For example, considering heat diffusion, a 

boundary may be set at a fixed temperature, implying there is a constant, uniform source 

of heat at that boundary. However, if a boundary is perfectly insulated, the differential at 

the boundary is 0. This separates boundary conditions into two distinct categories, 

Dirichlet BCs, in which the value of the boundary is defined, and Neumann BCs, in which 

the normal differential of the value (at the boundary and adjacent discrete point) is 
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defined. Neumann BCs are distinct from Dirichlet in the type of system they describe. 

Considering a closed system of any kind requires application of specific Neumann 

boundary conditions, derivative of variable equals 0, due to the laws of conservation of 

energy and mass. In contrast, simulating an open system requires defined input and/or 

output, which can be modelled using either type, as long as the differential at the 

boundary does not equal 0. It is defined by either the fixed value, or the rate at which 

energy or mass is entering or leaving the system.  

In terms of drug release, the boundary conditions control how quickly the drug will leave 

the dosage form. In the case of in vitro drug release assays that mimic the oral route of 

administration, the solvent volume is much larger than the tablet volume (more 

specifically, at least 10x greater). This can be described mathematically as the tablet 

being in contact with a perfect sink, so the amount of drug at the boundary is 0, meaning 

the solvent is so large compared to the tablet that the amount of drug present in the 

solvent is negligible and will not limit the rate of the overall drug release (Siepmann et 

al., 2005). In these cases the solvent does not exist, which overcomes the need for 

applying a fluid flow simulation.  

 

4. Analysis types 

As discussed earlier, using discretisation methods requires a non-infinitesimal value for 

both distance between mesh points and timesteps. It is valid to use linearly spaced 

timesteps, though in simulations that tend towards a steady state, the initial changes are 

great and reduce as the differences between values decrease. To gather enough data to 

accurately represent these rapid processes, the timestep must be very small throughout 

the whole simulation, often resulting in very large datasets and long running times. 

Adaptive timesteps are sometimes preferred in cases such as this, since they use local 

error to increase or decrease the successive timestep by a percentage of the current 
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timestep (large local error reduces the next timestep, and vice versa). This can provide a 

much more precise result, but again, slow down computing speeds.  

 

5. Solving the equations 

Solving the equations describing the physics of the problem requires the use of 

numerical methods. There are two main types of numerical methods: implicit and explicit. 

Explicit methods calculate the values at a future timestep from the current one, while 

implicit methods use both the current timestep results and those of a later timestep to 

calculate the next timestep. Clearly, coding an implicit method is a more complex 

process, but given that it uses exact values at a later time, it can be more accurate than 

explicit methods. Typically, explicit methods are also bound by stability problems. 

 

5a. Euler’s method  

Euler’s method for solving first order linear DEs is best described by example through 

intuition. Beginning with the equation: 

𝑑𝑦

𝑑𝑥
=

1

10
𝑦 

with the initial value 

𝑦(0) = 1 

Approximate the solution using Euler’s method for 0≤x≤10. 

The analytical solution is: 

𝑦 =  𝑒
1

10
𝑥
 

This is compared with approximate solutions using Euler’s method and descending 

values of dx. 
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In this demonstration of intuition and knowledge of calculus, Euler’s method is derived.  

 

5b. Forward-Time Central Space method 

Forward-Time Central Space (FTCS) is an extension of Euler’s method as described 

above. It applies the same method to second order PDEs, differing in that the points xp-1 

and xp+1 are used to calculate the xp value, for each respective x, (hence “central 

space”), for the next timestep (hence “forward-time”). For example, consider a mesh of a 

1D line, dx = 1, set up as a heat diffusion through a uniform material problem.  

 

Figure 1: comparison of analytical and numerical solutions with varying dx values This shows that choosing an appropriate 
dx value is vitally important in numerical approximations; the smaller the dx, the more accurate the approximation, though 
computational limits apply. See  for more info. 
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In 1 dimension, initial conditions are set, and the first difference calculated. This is 

multiplied by the diffusion coefficient, and the second difference calculated. Clearly, this 

removes a discrete point value on either end of the mesh grid:  

 

 

 

 

 

From here, boundary condition solutions are calculated according to the physics of the 

problem and added to the two “empty” points. 

 

6. Results processing 

In the process of designing, running and interpreting simulations, it becomes more clear 

which physical processes are rate-limiting steps. The iterative method used in 

simulations allows small adaptations to be made, depending on the results obtained from 

early simulations. One physical mechanism may limit a process, so other mechanisms 

may be negligible and do not need to be applied in simulations. On the other hand, two 

processes may act synergistically. This is found through the process of the iterative 

method. 

Figure 2: Visualisation of how calculating differences in the FTCS method removes the values of the mesh points on 
either side, allowing application of boundary conditions. 
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1.3.3. Error in simulations and modelling 

There are many ways that error can be introduced to a simulation. These include: 

• Discretisation error 

o Creating a mesh with too large spacings 

o This can be reduced, at the expense of speed and stability 

• Incorrect code or set-up 

• Instability issues 

o Von Neumann Stability Analysis 

o This can be avoided by setting dx and dt appropriately, but can reduce 

speed again 

• Truncation error 

o Truncating infinite sums by approximation as a finite sum 

o Global truncation error is error from the full process of using a numerical 

method to approximate a solution 

o Local truncation error is from a single step in the method 

• Round off error from use of floating point numbers  

o MATLAB by default uses double-precision to reduce round off error, but of 

course it is unavoidable to an extent 

Each type of error can be calculated using known methods and will be stated and solved 

as needed. 

 

  



25 
 

2. Aims and Objectives 

2.1. Aims 

The overall aim of this research project is to adapt the diffusion model to gain an 

understanding of the effects of insertion of channels into different geometries. It is 

purposefully considering a range of geometries, with the final step being those presented 

by Sadia et al., (2018). A range of diffusion coefficients, D are studied to find the half-life 

for that particular geometry, which can then be extrapolated to any given D. Tablet-

solvent boundary conditions are also experimented with to show how application of sink 

conditions affects the diffusion of the drug, with application of shifting boundary 

conditions. Finally, a review of all the results presented will determine if the diffusion 

model developed is appropriate for this specific formulation, geometry and conditions, 

and others it may be applicable to. 

 

2.2. Objectives 

The objectives of this research are to give an insight into how altering each property or 

physicochemical process affects the outcome of the simulations, and how they may work 

in combination. Though there are a wide range of existing mathematical models, there 

are limitations in each that do not always allow for a novel (or specifically defined) tablet 

geometry. Fickian diffusion will allow this, along with application of various boundary 

conditions, with justifiable assumptions. Solving Fick’s second law is done using FTCS 

method, and thus relies on the formation of a discrete mesh onto which the tablet 

geometry and its properties can be applied. This can give rise to resolution issues, 

potentially leading to stability issues, though this will be adapted to when necessary 

through adjusting mesh refinement and timesteps, and their methods used.  

The simulations are set up in groups; for example, the diffusion coefficient is unknown so 

a range of values for D are considered. By altering a different property, such as insertion 
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of a channel, the simulations will be re-run using the same range for D. The process 

adapts given the results of these simulations, with comparisons at each step to show if 

the results are as one would mathematically or intuitively expect. A number of 

assumptions must be made to ensure simulating the processes is viable. For example, it 

is assumed that the temperature and density of the tablet and solvent remain constant 

throughout, giving the materials a constant D throughout the simulation. Once a set-up 

for the processes behaving on/in a solid tablet is decided, a single channel is inserted, 

with mass maintained by making the tablet larger parallel to the channel, or with mass 

loss by maintaining the original shape of the tablet. In the experimental work by Sadia et 

al. (2018), tablet mass was lost through insertion of the channels. Given that the mass is 

smaller for larger channels, it is logical that the tablet will dissolve more quickly. This is 

due to two variables (mass loss and increased surface area), and the extent that each 

variable increases the drug release rate is unknown. The formation of air pockets within 

the channels is also observed in wide-angle green light imaging of the tablets, and the 

quantity, size, and expulsion time are also unknown. Thus, insertion of a bubble 

throughout the entire system is also simulated. These effects are simulated and 

measured in 1, 2 and 3 spatial dimensions. 

The overall model is adapted, improved on, and finally compared with the experimental 

data to see if Fickian diffusion is a good assumption for this specific drug formulation. 
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3. Software and methods 

3.1. Software 

MATLAB (versions 2017a, 2017b, 2018b) 

ANSYS Workbench for CFX fluid flow simulations (Versions 19.2 and 2019 R2) 

 

3.2. Methods 

3.2.1. Iterative method 

Since this project requires a number of set-ups to model a variety of physicochemical 

processes, some in combination with others, the methodology will adapt over time 

depending on these results. The overall process is to use MATLAB to understand how 

each of these factors impacts the results, and to compare these to those from ANSYS 

simulations. In ANSYS, heat diffusion is modelled as it is analogous to Fickian diffusion 

given the correct parameters, as discussed earlier. This acts as a failsafe for 

programming and allows comparison of conditionally and unconditionally stable 

numerical methods, and transient and adaptive timesteps. ANSYS, when used 

appropriately, also gives a more precise mesh without having to dramatically reduce 

timesteps and therefore reduce efficiency. In contrast, it can be more time-consuming 

learning to use new software and how to utilize it to its full capabilities and often results 

in large results files when running multiple set-ups from a single simulation set. 

Rescaling data produced provides a good insight into how the results vary as certain 

factors are manipulated. To be able to extrapolate, for example, the diffusion coefficient, 

one can run multiple simulations with a variety of diffusion coefficients and extract and 

plot the half-life of each. Mathematically, one would expect this to be linear. This means 
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the results can be normalised and adjusted for a range that is likely for a specific 

formulation.  
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4. Results 

4.1. 1D results 

To begin simulating the impact of each physicochemical process, it would be useful to 

understand the type of equation to be solved. In this case, it is assumed that the drug 

release mechanism follows Fick’s second law, under the following reasons: 

• Non-steady state diffusion: as discussed in the literature review, transient 

diffusion occurs during an interruption of the system, such as placing a tablet in a 

solvent.  

• Simple application of boundary conditions: application of numerical methods 

requires meshing and discretisation, which leave an “empty” point at each 

boundary. This allows the application of experimental boundary conditions. For 

Dirichlet boundary conditions, the following line of MATLAB code is used: 

second_deriv = [second_deriv(1) second_deriv second_deriv(end)]; 

Setting the end value equal to the value adjacent means the gradient at the 

boundary is 0, and with an appropriately-refined mesh, the addition of drug from 

creating the value at the boundary has minimal impact across the whole system. 

• Rescaling and extrapolation to find approximate diffusion coefficients for specific 

formulations: allowing extrapolation means the diffusion coefficient itself is 

irrelevant; it is the ratio of Dtablet:Dsolvent that is vital. 

Additional assumptions are made to be able to apply a Fickian diffusion model to a 

polymer-based formulation: 

• Polymer relaxation time is much greater than solvent diffusion time 

• Uniformity in formulation, solvent, temperature 
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In general, the set-up is as follows. Consider a 1-dimensional system in which there is a 

tablet in the centre of a linear mesh, and the remainder is solvent. Any number greater 

than 0 means there is drug present in that point, and 1 is the maximum amount of drug 

that can occupy that space. The separation of variables technique is used. 

The description of each simulation group has been split into 3 categories: 

 

Category A: 

 

 

A 

C 

B 

Figure 3: Visual aid to show 3 categories of simulations; A describes the diffusion of drug through the solvent, B describes the 

diffusion of drug throughout the tablet with contact with the solvent, and C describes the diffusion within the tablet, and 

moving into and within the solvent. (Not to scale.) 
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Category A: 

Consider the solvent alone, with a constant source, so C(t,0) = 1, constant removal of 

drug, so C(t,L) = 0, an initial condition of C(0,x) = 0, and Fickian diffusion. This was set 

up to describe the boundary layer between the “static” tablet and turbulent solvent, in 

immediate contact with the tablet. Firstly, since the thickness of the boundary layer is 

unknown in this specific case, a range of set-ups were considered with varying thickness 

in one dimension. Examining this layer alone, it is possible to choose a point on the 

boundary of the tablet and describe how the distance between the tablet and normal 

point at the edge of the boundary layer would behave. Arbitrary lengths are chosen since 

the results can be scaled across any chosen length, as will be shown in Figure 5. 

 

 

 

Figure 4: Comparison of various thicknesses of boundary layer (L (m)), in MATLAB (M) and ANSYS (A). D = 9.7135x10-5 
m2/s. 
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 MATLAB ANSYS 

dx (m) 1x10-3 1 x10-3 

dt (s) 1 x10-5 1 x10-3 
Table 3: Since an explicit Euler-based method is used,  Since ANSYS uses explicit numerical methods for 

transient analysis, it is not limited by stability. This allows for a finer mesh without the limitation of timestep. 

As one would intuitively expect, the thinner the boundary layer, the faster the equilibrium 

is reached. In this case, since one edge of the boundary layer is fixed at 1 and the other 

0, the equilibrium point is at amount = 0.5. There is a small discrepancy between the 

results due to the difference in numerical methods, though refining both simulations 

further would reduce this as they would both approach the analytical solution. Scaling 

the numerical results for an equation is generally derived from its analytical solution. To 

make the x-axis dimensionless so it can be scaled to any L, multiply t by D/L2 

(Langtangen and Pedersen, 2016). 

 

 

Figure 5: Normalised version of Figure 4, in which t is rescaled by D/L2. 
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Category B from Figure 3: 

Instead of considering the solvent alone, consider the tablet alone. Beginning with tablet 

across the whole system so C(0,x) = 1, and setting fixed boundaries, so C(t,0) = 1 and 

C(t,L) = 0. The fixed 0 boundary mimics the solvent under sink conditions, and the fixed 

1 boundary demonstrates a constant source of drug at one side. 

 

 MATLAB ANSYS 

dx (m) 1 x10-3 1 x10-3 

dt (s) 1 x10-5 1 x10-3 
Table 4: dx and dt values in MATLAB and ANSYS simulations  

Figure 6: Comparison of various lengths of tablet (m), with constant source. D = 9.7135x10-5m2/s 
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Given that the boundary conditions are the same as in category A, the equilibrium value 

is also 0.5. Again, there is good agreement between the different results, though this 

could be improved with a smaller timestep and mesh size. 

 

Applying the same scaling rule normalises this curve also, showing the method is the 

same for different initial conditions and a constant diffusion coefficient. The symmetry of 

this to Figure 5 is due to the symmetry of square drug profile; higher frequency 

sinusoidal curves dampen more rapidly than lower frequencies, so an equilibrium of a 

linear increase or decrease is expected as it approaches a triangular drug profile. 

  

Figure 7: Normalised version of Figure 6, in which t is rescaled by D/L2. 
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In the previous simulations, a constant source of drug against a perfect sink is assumed. 

This is clearly not the case in reality because the tablet contains a finite source of drug. 

Still assuming a perfect sink at the opposite boundary, C(t,L) = 0, a Neumann boundary 

condition is applied to the tablet, thus allowing it to deplete the source, so C’(t,0) = 0.  

 

 

 MATLAB ANSYS 

dx (m) 1 x10-3 1 x10-3 

dt (s) 1 x10-5 1 x10-3 
Table 5:: dx and dt values in MATLAB and ANSYS simulations. 

This also shows good agreement of ANSYS and MATLAB results. This time, the 

equilibrium approaches 0 since the drug source depletes and is against a perfect sink. 

Figure 8: Comparison of varying thicknesses L (m) of solvent with a depleting source of drug 
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Again, this shows that the rescaling factor is dependent on thickness L. Boundary 

conditions, if they are kept consistent, do not impact the final results. This can now be 

rescaled for any L, and any D. 

 

 

 

 

 

 

 

 

 

 

Figure 9: Normalised version of Figure 8, in which t is rescaled by D/L2. 
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Category C from Figure 3: 

This set-up describes the whole system in 1 dimension. At this stage, the independent 

variable is the diffusion coefficient of the drug within the tablet. This is done by changing 

the ratio of Dtablet : Dsolvent. In the following set of results, the ratios are approximately 

logarithmically distributed between 0.1 and 10: 

a. Dtablet = 0.1Dsolvent 

b. Dtablet = 0.33Dsolvent 

c. Dtablet = 1Dsolvent 

d. Dtablet = 3Dsolvent 

e. Dtablet = 10Dsolvent 

Since the system is closed, Neumann boundary conditions are used at each end of the 

mesh, so C’(0,t) = 0, C’(L,t) = 0: 

𝑑𝑢

𝑑𝑥
|

𝑥=0,0.2
= 0   
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 MATLAB ANSYS 

dx (m) 1 x10-3 1 x10-3 

dt (s) 1 x10-5 1 x10-3 
Table 6: dx and dt values in MATLAB and ANSYS simulations. 

Clearly, a tablet with a higher diffusion coefficient releases the drug faster. The half-life 

(time at which 50% of drug is released) values can be extracted. It is expected from the 

general solution of the equation that the graph would be linear, and not necessarily 

passing through the origin due to different D values across the structure. 

 

 

 

 

Figure 10: Comparison of different factors of D for tablet “T” and solvent “S”.   
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Since the diffusion coefficient is not constant across the whole system, it is not possible 

to rescale the graphs according to D as above to obtain a single master curve. However, 

the half-life can be plotted:  

The second-from-the-left ANSYS result does not fit the linear trend and is likely due to 

human error. Despite this, the graph still gives a good representation of the differences 

that arise from application of numerical methods and lack of refinement.  

 

Following on from the previous set, the same set-up is used with a channel inserted by 

removing the centre of the tablet, resulting in mass loss. This was the case in the 

experimental methods used in vitro, though any change in drug release rate could be 

due to the reduced mass, or increased surface area. Thus, a second set of simulations is 

run to maintain the mass and show to what extent the volume loss affects the results. 

Figure 11: half-life of tablets (extracted from Dtablet) with varying factors of D in ANSYS, “A”, and MATLAB, “M”.  
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To maintain the mass, the tablet region is separated at the centre and the two halves 

moved apart. These are the first sets of the channelled simulations and gives an idea of 

how the insertion of a single channel will impact drug release. The assumption made 

with the channel is that there is no fluid flow or bubble formation, allowing saturation with 

the drug.  

 

 

 MATLAB ANSYS 

dx (m) 1 x10-3 1 x10-3 

dt (s) 1 x10-5 1 x10-3 

Table 7: dx and dt values in MATLAB and ANSYS simulations.  

Figure 12: initial conditions for channelled simulation with mass maintained. 
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This gives a more precise answer to the general statement that increasing the surface 

area and reducing the mass (and therefore the SA/V ratio) increases the drug release 

rate. Reducing the mass significantly reduced the half-life for all D tested, which implies 

that the decreased half-ife in in vitro results may be as a direct result of mass loss, 

alongside addition of channels.  

 

 

  

Figure 13: Comparison of half-life of a tablet with no channel, 1 channel with the mass maintained, and 1 channel with 

mass loss, using MATLAB simulations. 
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4.2. 2D Results 

The category C setup, as indicated in Figure 3, is presented in 2 spatial dimensions. 

Mathematically: 

𝜕𝐶

𝜕𝑡
= 𝐷∇2𝐶 

where: 

∇2 =  
𝜕2

𝜕𝑥2
+ 

𝜕2

𝜕𝑦2
 

Again, to maintain a constant amount of drug in the whole closed system: 

𝑑𝐶(𝑥,𝑦,𝑡)

𝑑𝑥
|

{𝑥=0,𝐿}
= 0, 

𝑑𝐶(𝑥,𝑦,𝑡)

𝑑𝑥
|

{𝑦=0,𝐿}
= 0.  

This is applied in the MATLAB code as follows (in the x dimension, and the same 

approach is used in the y dimension): 

secondderivX = diff(firstX(:,:,1),1,1)./dx^2; 

secondderiv_newX = [secondderivX(1,:) ; secondderivX ; secondderivX(end,:)]; 

duX = secondderiv_newX*dt; 

Translating the 1D setup into 2D, in this case, is done by using the same x-coordinates 

as y-coordinates for the tablet and solvent. The same setup was also run in ANSYS to 

compare approximations between two different numerical methods. 
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Figure 14: comparison of ANSYS, “A”, and MATLAB, “M”, results for the above setup for different factors of 

Dtablet. 

The simulations were refined to the following specifications to give good agreement: 

The values have been adjusted from previous simulations to produce a finer mesh and 

therefore increase accuracy, and dt adjusted to meet stability requirements as the 

diffusion coefficient changes. 

 

 

 

 

 

 MATLAB ANSYS 

dx (m)  2 x10-4 5 x10-4 

dt (s) 2 x10-4 ≤ dt ≤ 8 x10-5 1 x10-3 

Table 8: dx and dt values for ANSYS and MATLAB. 
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Insertion of a channel in 1D increased the drug release rate, and this phenomenon 

should also occur in 2D. The orientation of the channel, i.e. whether it is observed as a 

square cross-section or across the length of the channel, is irrelevant at this stage as the 

whole channel is considered in 3D cases. These simulations are used as a tool to 

observe the effects of adding a spatial dimension by implementing the Laplace operator. 

To ensure the channel can release the drug once it begins to enter, a channel along the 

length of the 2D tablet is used. This provides more insight as a square cross-section will 

rapidly become saturated and not release any of the drug into the solvent. 

 

Figure 15: effect of insertion of a single channel into the previous whole tablet set-up, with mass maintained. 

Table 9: dx and dt values for ANSYS and MATLAB. 

 

 

 MATLAB ANSYS 

dx 2 x10-4 5 x10-4 

dt 2 x10-4 ≤ dt ≤ 8 x10-5 1 x10-3 
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Again, since the insertion of a channel in the experimental method resulted in the loss of 

mass, the same set-up as above was re-run with mass loss instead of maintained. 

 

Figure 16: comparison of half lives of tablets with no channel, one channel with mass maintained, “MM”, and 

mass loss, “ML”. 

Clearly, the resulting mass loss lead to a large decrease in the half lives of the tablets.  
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Insertion of a channel in the tablets does not ensure the solvent will enter the channel, 

as can be seen in the experimental results.  

 

Figure 17: Fig. 7B (Sadia et al., 2018), showing bubbles preventing the solvent from entering the channels. 

In some cases, the solvent enters the channels (bottom centre channel, 6-8 minutes), 

and in others (centre), the bubble is present until at least 10 minutes. To account for this 

in simulations, it is assumed that the diffusion coefficient in the channel created is 0 in 

MATLAB, and <1x10-10 in ANSYS (due to software limitations, a material cannot have D 

= 0 in ANSYS).  
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Figure 18: Comparison of the effect of bubble formation in the channels vs no bubble formation, with mass 
maintained, “MM”, and mass loss, “ML”, and no channel, “0channel”, from MATLAB simulations. These 

results were also verified using the same set-up in ANSYS. 

With the mass maintained and bubble formation, the half life is almost exactly that of the 

whole tablet for each respective D, since the boundaries from which the drug can 

release are the same lengths. The discrepancy is due to the amount of solvent present, 

which is, in this set-up, reduced by the area of the channel. Thus, it is a good 

assumption to make that the tablet will behave as if the channel is not present if the 

mass is maintained and the air pocket remains intact throughout the entire experimental 

procedure. As was observed in the insertion of a channel in 1D simulations considering 

the whole system, the reduction of mass resulted in a significant increase in drug release 

rate.  
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4.3. 3D Results 

4.3.1. Cubic geometry 

The square tablet geometry was transposed into 3D, initially as a cube to give direct 

comparison to 2D and 1D cases. As before, the tablet diffusion coefficient was varied to 

factors of that of the solvent, and the conditions at all solvent boundaries are Neumann, 

where the derivative with respect to spatial dimension is 0. All simulations in 3D are run 

using ANSYS, utilising the temperature-concentration analogy so while the heat equation 

is solved, it is analogous to Fick’s second law, so “temperature” and “α” are referred to 

as “amount of drug” and “D” respectively.  

 

As expected from 1D and 2D simulations, there is a larger difference between 

“Dtablet=0.1Dsolvent” and “Dtablet=1Dsolvent” than “Dtablet=1Dsolvent” and “Dtablet=10Dsolvent” due to 

the 1/D relationship with half-life.  

Figure 19: amount of drug present in the tablet throughout simulations, with varying factors of Dtablet. 
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Inserting a channel into the geometry appears as follows: 

The same set-up as previous is re-run with the channel inserted and mass maintained, 

and the half-life compared. 

 

 

 

 

 

 

 

 

Figure 20: ANSYS WorkBench DesignModeler of 3D cubic tablet with a single square cross-sectioned channel in the 

centre (highlighted in green) with mass maintained. 
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As expected, the insertion of a single channel increases the drug release rate 

significantly, though not as much as in 2 spatial dimensions. This is due to the set-up 

used in 2D; the channel orientation was end-to-end in the tablet, while in this case, there 

is tablet above and below, leading to much quicker saturation of the solvent in the 

channel. Since this step was simply a translation from 2 to 3D, different 3D tablet 

geometries and boundary conditions are experimented with. 

 

 

 

 

 

 

Figure 21: half-life comparison of 3D, cubic tablets, with no channel and 1 channel with mass maintained. 
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4.3.2. Spherical geometry 

Using the same boundary conditions and volumes as the previous set-up, the geometry 

shape is changed from cubic to spherical. This is an approximation used in the 

Hopfenberg model for modelling drug release from erodible tablets (Siepmann and 

Siepmann, 2013)., which is applicable to Fickian diffusion models. Furthermore, the 

following simulations were run with a lower Dtablet value, since the range given thus far 

gave complete diffusion within ~10 seconds, but the experimental work showed 

complete drug release in 60 minutes. This will be extrapolated further, but giving a wider 

range leads to more accurate extrapolation. The same radius is used as the previous 

tablet geometry, with the boundary of the tablet set to apply sink conditions, so 𝐶(�⃗�, 𝑡) =

0 𝑓𝑜𝑟 𝑎𝑙𝑙  �⃗� ∈ 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦, since the solvent volume is at least 10 times greater than that of 

the tablet (Vsolvent>10Vtablet). Furthermore, the solvent is stirred so it can be assumed that 

the saturated layer immediately surrounding the tablet is thin enough to be negligible 

(Siepmann et al., 2005) 
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The difference seen here shows that as Dtablet<<Dsolvent, the drug release curve tends 

towards sink conditions. In this set-up, the drug diffuses within the solvent more rapidly, 

so the amount of drug at the interface is smaller than if they were the same. Of course, 

there is still a small amount present which leads to the discrepancy shown above. As the 

diffusion coefficient of a drug within a solid tablet will be much lower than that of a stirring 

fluid, sink conditions are used. 

 

 

 

 

 

Figure 22: Normalised graph of sink vs non-sink conditions for a spherical tablet geometry. N.B.: “Dtablet=xDsolvent“ notation 
is still used for the benefit of the reader. While there is no solvent for the tablet diffusion coefficient to be in a ratio with, 
the tablet D is the same numerical value as in the non-sink condition simulations. 
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The mesh size is compared at this stage because the mesh can no longer be linear and 

cubic. This set-up was also run with adaptive timesteps (initial timestep 5x10-4 s, 

timestep decrease factor 0.8, timestep increase factor 1.06 and the timestep never 

reaching the minimum value) to increase accuracy without the production of large data 

sets. The mesh size is refined until the agreement between the analytical and numerical 

solutions overlapped perfectly to the naked eye, which is found at mesh size 5x10-4. 

Following on from this, 1 and then 3 channels are inserted into the spherical tablet 

geometry. The ratio of diameter to channel size from the experimental research is 

maintained, and the mass of the tablet is also maintained to find what amount of the 

expected increased drug release is accounted for by mass loss and what is due to the 

increased surface area. This simulation is then rescaled to give drug release as the 

percentage of drug released rather than amount of drug in the tablet, and time in minutes 

with sizes measured from the 3D printed tablets. 

5 

Figure 23: Normalised comparison of different mesh sizes of a spherical tablet in sink conditions, with analytical 
solution provided by Dr Bart Vorselaars. 
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There is perfect overlap between mass maintained and mass loss simulations with 

channels inserted, regardless of the quantities tested above. This is due to the fact that, 

while the mass was maintained in the channelled simulations, the ratio of channel size to 

radius was also maintained to keep accuracy to the experimental results. This means 

that a “mass maintained” simulation is simply a scaled-up version of the corresponding 

“mass loss” simulation; when rescaled according to the relevant diameters, they overlap 

Figure 25: comparison of the insertion of 1 and 3 channels into the spherical tablet geometry, with mass maintained 
and mass loss. 

Figure 24: Spherical geometries, with 1 and 3 channels. 
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perfectly. This shows that the rescaling methods used are applicable to channelled 

formulations. 

 

 

Figure 26: Rescaled version of no channelled (whole) spherical tablet simulations, with experimental sizes. 

It is worth noting that the experimental data gives average values with standard 

deviations, so the results above are rescaled according to the average. This will differ 

according to the standard deviation given in the original article. The value of D used in 

figure 27 (3x10-9m2/s) is approximated by eye based on the time at which 100% of the 

drug is released for the 18mm tablet. In this case, the half-life for all simulated values are 

between 1 and 9 minutes, while in the experimental data, all half-life data fell between 

10-22 minutes (as seen in Figure 27 on the next page) showing that the spherical 

approximation suggested by the Hopfenberg model is not applicable in this case.   
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Figure 27: Graph taken from experimental research paper for whole tablets of sizes given in the legend. 
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Since the spherical tablet shape did not give an appropriate approximation, the 

stereolithography files used in the experimental work (pre- 3D printing files) are obtained 

from Dr Sadia Muzna to import directly into ANSYS.  

 

 

 

 

 

Figure 28: tablet geometry, post-meshing, in ANSYS. 

As with the previous set-up, the tablet is in sink conditions and adaptive timesteps under 

the previous parameters. Meshing is done automatically, with mesh faces removed 

where recommended due to size constraints.  
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In comparison to the experimental data, the general shape of the curves fits more 

accurately than with spherical simulations. Again, the diffusion coefficient is 

approximated by eye, and is found to be approximately 6x10-10m2/s for a tablet size of 

18mm. This approximation is, again, not a good fit for the experimental data presented in 

Figure 27. There is a scaling issue; if the drug release obeyed Fickian diffusion, it would 

be scalable as described above. However, the experimental research shows a much 

slower rate for the 6mm tablet than expected from simulations. Thus, the current set-up 

is not an appropriate model for the formulation. 

 

 

 

 

 

Figure 29: Rescaled version of no channelled (whole) tablet simulations using .STL file, with experimental sizes. 



59 
 

4.4. Revisiting 1D simulations 

An interesting question that should be considered is “at what point of the dissolution of 

the tablet does it become solute?”. For example, if the drug at the tablet-solvent interface 

has released by 80%, is the tablet itself still intact, or can it be assumed that it is now 

part of the solvent and that layer of the tablet is removed? Fickian diffusion does not 

apply any kind of erosion factor, so one was introduced. At the tablet-solvent interface, if 

the amount of drug falls below a certain value, it is now considered part of the solvent 

and thus adopts its properties. 

The first simulation considering the tablet and the solvent is re-run, implementing the 

shifting boundary conditions. 

 

Figure 30: Comparison of different values for shifting boundary conditions based on what value is considered dissolved. 
(0.8 dissolved would be 20% drug release at the boundary, etc.) 

This shows that the value at which the boundary shifts impacts the results; the higher the 

value, the greater the drug release rate. While this is an interesting conjecture, it should 
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be noted that this is based on a range within the uncertain assumption that the amount 

of drug at the interface is perfectly correlated with the dissolution of the tablet. While this 

is a reasonable assumption to make, further testing is needed to verify these results. 
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5. Discussion 

5.1. Review and Criticism of Results 

5.1.1. Designing geometries 

Multiple geometries were experimented with throughout the process of simulating drug 

release. In 1D, of course, shapes are limited. While they provided some information, the 

simulations considering just the tablet or solvent did not provide much insight into how 

the 3D printed tablets would behave, though they gave an insight into scaling and how 

this is applicable in 1, 2, and 3D. Insertion of a channel compared to the original whole 

tablet had a large impact on the drug release rate, though this is expected as it is well-

known that increasing the surface area increases the drug release rate.  Moving onto 

2D, a square shape geometry and solvent were used to maintain symmetry with the 1D 

set-up. It is the same process each time a spatial dimension is added; numerically, the 

Laplace operator is replaced with the 2 or 3D form.  

 

5.1.2. Meshing 

In MATLAB, the mesh was represented by a series of discrete, evenly spaced points. 

While this works for some cases, it does not allow for any refinement specifically in 

regions of high detail, such as in the channels in the tablets studied, rendering the any 

results of more detailed simulations using this method inaccurate. It would be better to 

use a separate meshing software, such as GMSH, create a triangular mesh to give more 

precise points at the corners of channels etc, and import the stereolithography file into 

the MATLAB simulations. Meshing in ANSYS is a more simple and reliable method since 

it creates a mesh based on the geometry, while the code written implemented a 

geometry onto a pre-defined, regular mesh, making shapes with curved edges more 

inaccurate.  
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5.1.3. Solutions 

The 1D results were obtained to gain an understanding of Fickian diffusion and how the 

use of different numerical methods leads to a range of approximations. The insertion of a 

channel gave a preliminary guide to how the tablets behave with a channel, and to show 

the difference between simply inserting a channel, and inserting a channel and 

maintaining the mass. In MATLAB, a timestep was chosen approximately based on run 

time and how the results compared to ANSYS results. While both rely on different 

numerical methods to give approximations, they are approximating the same particular 

solution so refinement is vitally important in both softwares. In ANSYS, a larger timestep 

was used for two main reasons: 

1.  Implicit methods are not restricted to the same stability criteria as explicit 

methods 

2. When using linear timesteps, ANSYS saves every 10n timestep where n≥0. This 

can result in either large data sets, or low resolution for large changes. However, 

in MATLAB, the data was saved logarithmically. A unique, logarithmic distribution 

between t0 and tmax was used to find which of the linear timesteps should be 

saved using the “ismember” function in the for loop. This results in more data for 

early, larger changes and fewer for later, slower changes. 

Minimal discrepancy was found between the different methods, and was improved as the 

mesh and timesteps were refined in ANSYS. Moving from 1 to 2D simulations, it was 

found that using FTCS method to solve the problem increased the run time from ~6 

hours per set to ~72 hours per set, each set comprising of 5 simulations. It was therefore 

not realistic to move into 3D simulations in MATLAB because the addition of another 

spatial dimension would further increase runtime. Because of this, it was decided to 

continue the project using only ANSYS, since the results were in good agreement. It was 

found with more experience using ANSYS that adaptive timesteps can be used, though 
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this was only used in 3D simulations. It is considerably slower to set up because 

experimentation is needed to find an appropriate minimum timestep with respect to mesh 

size, but once this is chosen, it can be faster and more precise. Adaptive timesteps 

calculate the local truncation error and compare this to a tolerance value. If it is within 

tolerance, the next timestep may increase, though if it is outside the tolerance, the 

current timestep is reduced according to how far outside the tolerance the value is. It is 

recalculated until tolerance is reached, and the next timestep predicted from this.  

 

5.1.4. Results 

The research thus far did not develop an appropriate model for this specific formulation 

and geometries. This could be due to a number of reasons. Firstly, in the 3D ANSYS 

simulations, the tablet was a fixed size and while the drug depleted, the tablet itself did 

not. This maintains a constant surface area, which is clearly not the case in reality. Since 

the tablet and solvent have different diffusion coefficients, it is important to ensure that 

each region has an appropriate diffusion coefficient; as the tablet dissolves, the diffusion 

coefficient becomes that of the solvent where the tablet is dissolved or becomes a part of 

a sink. As shown in Figure 30, shifting boundary conditions as the tablet dissolves 

increases the drug release rate. Thus, all results prior to this are likely to be slower than 

the reality.  

 

5.1.5. Further research 

The recommended further in situ research begins with using an implicit method to 

resolve issues with runtime and stability. Once this is adapted, it should be refined to 

show good agreement with analytical results and compared to the FTCS method used 

currently. From this, the geometry can be adapted. Stereolithography (.STL) files can be 

imported into MATLAB, and the physics applied directly to the geometries used in 
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experimental work, without meshing issues encountered using ANSYS. This would give 

a more accurate insight into the drug release profile of the tablets. (Ideally, it should also 

be compared to a less refined, square mesh to approximate the error induced by the 3D 

printer nozzle size. Furthermore, 3D imaging software could be used to create a more 

accurate model of the printed tablets, rather than the 3D printer input file.) The physics 

set-up should include the tablet in sink conditions. Using C(t,boundary) = 0 implies that 

the drug at the boundary is instantaneously removed. This model is used in cases where 

Vsolvent>>Vtablet, and/or the solvent is stirred, and consequently the drug is moved away 

from the remaining tablet as soon as it dissolves. Since the solvent volume is so large 

compared to that of the tablet, it can be assumed that the concentration of drug in the 

solvent at equilibrium is 0, thus the drug concentration at the boundary is 0. Due to this, 

the modelling of the solvent is not necessary. Alongside this, the tablet volume should be 

reduced as dissolution occurs. At this point, it is unknown to what extent, though 

applying the method shown above in higher spatial dimensions will provide more insight. 

Using a triangular mesh will increase accuracy for more complex geometries because an 

unstructured grid does not have well-defined layers, and therefore simulation of the 

dissolution will be smoother as it is not “jumping” down a layer at a time as would occur 

in a structured grid. It is no longer possible to use the tablet-solvent interface nodes to 

calculate the drug concentration at which the tablet dissolves, since here the drug 

amount is fixed at 0. Thus, the mesh points immediately adjacent to the boundary should 

be considered. Any element with concentration below the dissolution value should be 

immediately set to 0 since the solvent would instantaneously remove that region of the 

tablet. 

Furthermore, the value of the diffusion coefficient should be reconsidered. It is not 

possible to accurately predict D from the data presented, though in the region of 10-9 to 

10-10m2/s seems a good range for this formulation. 
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Finally, if the above suggestions do not overcome the issues presented, the model itself 

should be revisited. It is already shown from in vitro data that a greater surface area 

increases the drug release rate. As a suggestion, a first order kinetics model in which the 

percentage of drug released is inversely proportional to a surface area factor may be 

more appropriate. 

 

5.2. FDM 3D Printing in Medical Research 

Due to the nature of FDM 3D printing, there will always be a restriction on resolution due 

to both time and physical constraints. Reducing the filament extruder size further for a 

polymer-based formulation could increase the shear stress to beyond the elastic limits of 

the polymer and breaking cross-linking between polymer chains. This will impact the 

drug release rate since it may not return to the original state, making the resulting 

formulation inconsistent and therefore unsuitable for medical applications. It is, however, 

possible to remove the structural defects and porosity (Gordeev et al, 2018), though it is 

more likely that once a concept is proved a tablet press would be created. Because of 

limits from resolution and speed, it is likely that FDM 3D printing in pharmaceuticals will 

remain a research tool instead of creating tablets for the near future. 

 

5.3. Further in Vitro Research 

Given the limitations of 3D printing, this scale of work will often result in imperfections. 

There are noticeable ridges on the physical tablets which increase the surface area, and 

imperfections in the channels that may reduce the surface area, so if the whole tablets 

were to be pressed it will likely slow down drug release and may no longer reach British 

Pharmacopoeia standards for immediate release formulations. However, channelled 

tablets may increase their drug release rate due to the larger channel surface area. 

Furthermore, since it is currently unknown what amount of the increased drug release 
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rate is due to the increased surface area or mass loss, non-channelled tablets of mass 

matching the various channelled formulations should also be produced to give a direct 

comparison. Currently, the method for inserting channels into the geometry changes 

both the surface area and volume, and the in vitro experiments are representative of this.  

The final note to comment on is the low glass transition temperature (Tg). When a 

polymer passes above its Tg, the molecules have considerably more mobility than in the 

glassy state below the Tg. As the tablets will pass through the Tg when moving from 

room temperature (~21⁰C) to drug release assay temperature (~37⁰C), it must be 

decided whether both states are considered in simulations, or more likely, assume 

rubbery state throughout. Since the tablets are considerably smaller than the solvent, it 

is a fair assumption to make that it is always above Tg. 
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6. Conclusion 

To conclude, although the overall results did not provide a complete mathematical model 

for the formulation and geometries presented, it gave a good insight into how a 

channelled tablet will behave in vitro. It explored a variety of initial and boundary 

conditions and found that the formulation does not obey standard Fickian diffusion, 

though this may be due to the lack of erosion factor in the model. Revisiting 1D 

simulation showed that the specific value of the erosion factor needs exploring further. 

Resolution errors from the 3D printer should also be considered, and can be studied 

using either a less refined mesh or X-ray Micro-Computed Tomography (XμCT) imaging 

as was done in the experimental research to build a 3D model. Furthermore, once a 

mathematical model that can describe the whole tablet is developed according to the 

future research section, the in situ work on channelled formulations and erosion factors 

can be explored further.  

This research explored many options in adapting the Fickian diffusion model, and while a 

conclusive model was not obtained, it provides the groundwork for further research and 

obstacles to overcome in the simulation of 3D printed, channelled tablets. 

 

 

  



68 
 

7. References 

Barner-Kowollik, C., Lutz, J. and Perrier, S. (2012). New methods of polymer synthesis. Polymer 

Chemistry, 3(7), p.1677. doi: 10.1039/c2py90007f 

Casavola, C., Cazzato, A., Moramarco, V. and Pappalettera, G. (2017). Residual stress 

measurement in Fused Deposition Modelling parts. Polymer Testing, 58, pp.249-255. doi: 

10.1016/j.polymertesting.2017.01.003 

Chapra, S. and Canale, R. (2015). Numerical Methods for Engineers. 7th ed. New York: McGraw-

Hill Education, pp.845-850. 

Couto, A., Fernandes, R., Cordeiro, M., Reis, S., Ribeiro, R. and Pessoa, A. (2014). Dermic 

diffusion and stratum corneum: A state of the art review of mathematical models. Journal of 

Controlled Release, 177, pp.74-83. doi: 10.1016/j.jconrel.2013.12.005 

Crank, J. (1975). The mathematics of diffusion. 2nd ed. London: Oxford University Press, pp.10-

17. 

Dahan, A. and Miller, J. (2012). The Solubility–Permeability Interplay and Its Implications in 

Formulation Design and Development for Poorly Soluble Drugs. The AAPS Journal, 14(2), 

pp.244-251. doi: 10.1208/s12248-012-9337-6 

Doi, M. (2013). Soft matter physics. 1st ed. Oxford: Oxford University Press, pp.1-2. 

Dutta, B. (2007). Principles of mass transfer and separation process. New Delhi: PHI Learning 

Pvt. Ltd., pp.858-859. 

Dyke, P. (2014). An introduction to Laplace transforms and Fourier series. 2nd ed. London: 

Springer-Verlag London, pp.1-3. 

Fick, A. (1855). Ueber Diffusion. Annalen der Physik und Chemie, 170(1), pp.59-86. doi: 

10.1002/andp.18551700105 

Flory, P. and Rehner, J. (1943). Statistical analysis of crosslinked polymer networks II. Swelling. 

The Journal of Chemical Physics 11(11), pp. 521-526. Available at: doi: 10.1063/1.1723792 



69 
 

Garcia, J., Yang, Z., Mongrain, R., Leask, R. and Lachapelle, K. (2017). 3D printing materials and 

their use in medical education: a review of current technology and trends for the future. BMJ 

Simulation and Technology Enhanced Learning, 4(1), pp.27-40. doi: 10.1136/bmjstel-2017-

000234 

George, E., Liacouras, P., Rybicki, F. and Mitsouras, D. (2017). Measuring and Establishing the 

Accuracy and Reproducibility of 3D Printed Medical Models. RadioGraphics, 37(5), pp.1424-

1450. doi: 10.1148/rg.2017160165 

Geuzaine, C. and Remacle, J. (2009). Gmsh: A 3-D finite element mesh generator with built-in 

pre- and post-processing facilities. International Journal for Numerical Methods in Engineering,  

79(11), pp.1309-1331. doi: 10.1002/nme.2579 

Gordeev, E., Galushko, A. and Ananikov, V. (2018). Improvement of quality of 3D printed objects 

by elimination of microscopic structural defects in fused deposition modeling. PLOS ONE, [online] 

13(6), p.e0198370. doi: 10.1371/journal.pone.0198370 

GOULD, P., HOLLAND, S. and TIGHE, B. (1987). Polymers for biodegradable medical devices. 

IV. Hydroxybutyrate-valerate copolymers as non-disintegrating matrices for controlled-release 

oral dosage forms. International Journal of Pharmaceutics, 38(1-3), pp.231-237. doi: 

10.1016/0378-5173(87)90119-0 

Grieser, F. (2019). 3D Printing Speed: How Fast Can 3D Printers Go? | All3DP. [online] All3DP. 

Available at: https://all3dp.com/3d-printing-speed/ [Accessed 26 Aug. 2019]. 

Higuchi, T. (1961). Rate of Release of Medicaments from Ointment Bases Containing Drugs in 

Suspension. Journal of Pharmaceutical Sciences, 50(10), pp.874-875. doi: 

10.1002/jps.2600501018 

Knopp, M., Olesen, N., Huang, Y., Holm, R. and Rades, T. (2016). Statistical Analysis of a 

Method to Predict Drug–Polymer Miscibility. Journal of Pharmaceutical Sciences, 105(1), pp.362-

367. doi: 10.1002/jps.24704  

Komorowska, P., Różańska, S. and Różański, J. (2017). Effect of the degree of substitution on 

the rheology of sodium carboxymethylcellulose solutions in propylene glycol/water 

mixtures. Cellulose, 24(10), pp.4151-4162. doi: 10.1007/s10570-017-1444-1 



70 
 

Kosik, R., Fleischmann, P., Haindl, B., Pietra, P. and Selberherr, S. (2000). On the interplay 

between meshing and discretization in three-dimensional diffusion simulation. IEEE Transactions 

on Computer-Aided Design of Integrated Circuits and Systems, 19(11), pp.1233-1240. doi: 

10.1109/43.892848 

Langtangen, H. and Pedersen, G. (2016). Scaling of Differential Equations. Cham: Springer 

International Publishing, pp.126-127. 

Le, T., Austin, S., Lim, S., Buswell, R., Gibb, A. and Thorpe, T. (2012). Mix design and fresh 

properties for high-performance printing concrete. Materials and Structures, 45(8), pp.1221-1232. 

doi: 10.1617/s11527-012-9828-z 

Medical Advisory Secretariat (2019). Hydrophilic Catheters: An Evidence-Based Analysis. [online] 

PubMed Central (PMC). Available at: https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3386556/ 

[Accessed 16 Jul. 2019]. 

OED (2019). diffuse | Definition of diffuse by Lexico. [online] Lexico Dictionaries | English. 

Available at: https://www.lexico.com/en/definition/diffuse [Accessed 29 Aug. 2019]. 

PPS (2019). High-quality and high-speed tablet presses from Riva and Romaco Kilian. [online] 

PPS A/S. Available at: https://ppsnordic.com/products/powder-solid/tablet-press/ [Accessed 26 

Aug. 2019]. 

Qiu, L. and Bae, Y. (2006). Polymer Architecture and Drug Delivery. Pharmaceutical Research, 

23(1), pp.1-30. doi: 10.1007/s11095-005-9046-2 

Raval, A., Parikh, J. and Engineer, C. (2010). Mechanism of controlled release kinetics from 

medical devices. Brazilian Journal of Chemical Engineering, 27(2), pp.211-225. doi: 

10.1590/s0104-66322010000200001 

Rinaki, E., Valsami, G. and Macheras, P. (2003). The power law can describe the ‘entire’ drug 

release curve from HPMC-based matrix tablets: a hypothesis. International Journal of 

Pharmaceutics, 255(1-2), pp.199-207. doi: 10.1016/S0378-5173(03)00079-6 

Sadia, M., Alhnan, M., Ahmed, W. and Jackson, M. (2018). Micro and nanomanufacturing volume 

II. Springer, pp.467-498. 



71 
 

Sadia, M., Arafat, B., Ahmed, W., Forbes, R. and Alhnan, M. (2018). Channelled tablets: An 

innovative approach to accelerating drug release from 3D printed tablets. Journal of Controlled 

Release, 269, pp.355-363. doi: 10.1016/j.jconrel.2017.11.022 

Sadia, M., Isreb, A., Abbadi, I., Isreb, M., Aziz, D., Selo, A., Timmins, P. and Alhnan, M. (2018). 

From ‘fixed dose combinations’ to ‘a dynamic dose combiner’: 3D printed bi-layer 

antihypertensive tablets. European Journal of Pharmaceutical Sciences, 123, pp.484-494. doi: 

10.1016/j.ejps.2018.07.045 

Seeley, R. (2014). An Introduction to Fourier Series and Integrals. Newburyport: Dover 

Publications, pp.10-14. 

Siepmann, J., Elkharraz, K., Siepmann, F. and Klose, D. (2005). How Autocatalysis Accelerates 

Drug Release from PLGA-Based Microparticles:  A Quantitative Treatment. Biomacromolecules, 

6(4), pp.2312-2319. doi: 10.1021/bm050228k 

Siepmann, J. and Siepmann, F. (2013). Mathematical modeling of drug dissolution. International 

Journal of Pharmaceutics, 453(1), pp.12-24. doi: 10.1016/j.ijpharm.2013.04.044  

Shakor, P., Nejadi, S., Paul, G. and Malek, S. (2019). Review of Emerging Additive Manufacturing 

Technologies in 3D Printing of Cementitious Materials in the Construction Industry. Frontiers in 

Built Environment, 4. doi: 10.3389/fbuil.2018.00085 

Sharma, S. and Goel, S. (2018). 3D Printing and its Future in Medical World. Journal of Medical 

Research and Innovation, 3(1), p.e000141. doi: 10.15419/jmri.141 

Shrivastava, A. (2018). Introduction to plastics engineering. Oxford: William Andrew Publishing, 

pp.4-5. 

Tappa, K. and Jammalamadaka, U. (2018). Novel Biomaterials Used in Medical 3D Printing 

Techniques. Journal of Functional Biomaterials, 9(1), p.17. doi: 10.3390/jfb9010017 

Town, J., Jones, G. and Haddleton, D. (2018). MALDI-LID-ToF/ToF analysis of statistical and 

diblock polyacrylate copolymers. Polymer Chemistry, 9(37), pp.4631-4641. doi: 

10.1039/C8PY00928G 



72 
 

Valavala, P., Clancy, T., Odegard, G. and Gates, T. (2007). Nonlinear multiscale modeling of 

polymer materials. International Journal of Solids and Structures, 44(3-4), pp.1161-1179. 

van Breemen, R. and Li, Y. (2005). Caco-2 cell permeability assays to measure drug 

absorption. Expert Opinion on Drug Metabolism & Toxicology, 1(2), pp.175-185. doi: 

10.1517/17425255.1.2.175  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



73 
 

8. Appendices 

8.1. Euler’s method 

Euler’s method for solving first order linear DEs is best described by example through 

intuition. Beginning with the equation: 

𝑑𝑦

𝑑𝑥
=

1

10
𝑦 

with the initial value 

𝑦(0) = 1 

Approximate the solution using Euler’s method for 0≤x≤10. 

Since a differential refers to the gradient, it is perfectly valid to read the above equation 

“the difference in y divided by the difference in x equals…”. Since the dx value will be 

constant, the next value to calculate is simply the current y value plus the difference in y: 

𝑦𝑛+1 =  𝑦𝑛 + 𝑑𝑦 

where: 

𝑑𝑦 =  
1

10
𝑦𝑛𝑑𝑥 
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This is often written in table form. Setting dx = 1: 

n x yn 1

10
𝑦𝑛𝑑𝑥 

yn+1  Analytical solution 
y (to 4sf) 

1 0 1 0.1 1.1 1 

2 1 1.1 0.11 1.21 1.105 

3 2 1.21 0.121 1.242 1.221 

4 3 1.242 0.1242 1.3662 1.350 

5 4 1.3662 0.13662 1.50282 1.492 

 

The constant dx can be decreased to increase precision and accuracy to the analytical 

solution, until a reasonable approximation is reached. In the above case, the analytical 

solution is: 

𝑦 =  𝑒
1

10
𝑥
 

 

8.2. Solving the Diffusion Equation Numerically 

Below is an example of the type of solver used for the 1D diffusion problem, with 

Neumann boundary conditions in which the differential at the boundary equals 0, so the 

whole system is closed. 

for n = 2:number_of_t 

    firstderiv = diff(u_calculated(:,1),1); 

    firstderiv = a_x.*firstderiv; 

    secondderiv = diff(firstderiv)./(dx^2); 

    secondderiv_new = [secondderiv(1) ; secondderiv ; secondderiv(end)]; 

    du = secondderiv_new*dt; 

    u_calculated(:,2) = u_calculated(:,1)+du; 
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    u_calculated(:,1) = u_calculated(:,2); 

end 

 

8.3. Saving data logarithmically 

To ensure the results did not include unnecessarily large data sets, a logarithmic 

distribution of unique numbers was created over the time the simulation is set for.  

    if ismember(n,logtime) == 1 

% each step whole data 

        u_matrix(:,Q) = u_calculated(:,2); 

% overall average 

        Tave = mean(u_calculated(:,2)); 

        Tave = squeeze(Tave); 

        overall_ave(Q,1) = Tave; 

% separate averages 

% tablet 

        u_initial2 = u_initial; 

        u_initial2(u_initial2 == 0) = NaN; 

        tablet_ave_value = u_initial2.*u_calculated(:,2); 

        tablet_ave_value = nanmean(tablet_ave_value); 

        tablet_ave(Q,1) = tablet_ave_value; 

% solvent 

        u_initial3 = u_initial; 

        u_initial3(u_initial3 == 1) = NaN; 

        u_initial3(u_initial3 == 0) = 1; 

        solvent_ave_value = u_initial3.*u_calculated(:,2); 

        solvent_ave_value = nanmean(solvent_ave_value); 
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        solvent_ave(Q,1) = solvent_ave_value; 

         

        Q = Q+1; 

    end  


