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ABSTRACT 
This paper considers the passive control of lateral critical 

speeds in high-speed rotating shafts through application of 

eccentric balancing sleeves. Equations of motion for a rotating 

flexible shaft with eccentric sleeves at the free ends are derived 

using the extended Hamilton Principle, considering inertial, 

non-constant rotating speed, Coriolis and centrifugal effects. A 

detailed analysis of the passive control characteristics of the 

eccentric sleeve mechanism and its impact on the shaft 

dynamics, is presented. Results of the analysis are compared with 

those from three-dimensional finite element simulations for 3 

practical case studies. Through a comparison and evaluation of 

the relative differences in critical speeds from both approaches 

it is shown that consideration of eccentric sleeve flexibility 

becomes progressively more important with increasing sleeve 

length. The study shows that the critical speed of high-speed 

rotating shafts can be effectively controlled through 

implementation of variable mass/stiffness eccentric sleeve 

systems. 

 

 

INTRODUCTION 
 To provide a practical focus to this study, the analysis 

presented in the paper considers industrial shaft machinery that 

rotates at high speed.  Specifically, it considers sub-15MW 

industrial gas turbine units primarily for power generation or as 

mechanical prime movers. In order to prevent high vibration 

levels and consequent shutdowns, the engines are often operated 

at speeds below what would be normally considered as optimal. 

Indeed, Regulation API671 dictates that, in the case of a flexible 

coupling, the lateral safety margin should be at least 1.5 (that is, 

the lateral critical speed should be 1.5 times the operating speed) 

[1]. As a result of this requirement, critical speeds are often 

‘designed out’ as part of the development process, suggesting 

that the source of the high vibrations levels lies elsewhere. 

 

 
 

Figure 1. ECCENTRIC BALANCING SLEEVE 
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An attempt to address this problem has been reported by, 

Knowles et. al using an approach in which an eccentric balancing 

sleeve (Fig. 1) is retrofitted to existing coupling shafts [2,3].The 

design allows for a balance mass to be added to the shaft in such 

a way as to counter any residual unbalance that may exist. Fig 2 

shows the balance corrections that are traditionally applied to the 

ends of the drive shaft are instead applied eccentrically by a pair 

of balancing sleeve arms. By this means, the trim balance mass 

applies a corrective centrifugal force to the drive shaft to limit 

the shaft end-reaction forces. The balancing sleeves are flexible 

by design therefore as well as increasing with speed, the 

correcting forces also increase in magnitude due to the increasing 

eccentric position of the flexibility of the sleeves. This 

mechanism therefore provides a means of amplifying the balance 

correction set at low speed. In addition, it also imparts a 

corrective bending moment to the drive shaft, which has a 

beneficial tendency to limit the shaft deflection. However, the 

successful operation of the design requires prior knowledge of 

the magnitude and position of the existing unbalance in the shaft 

in order to correctly set the magnitude of the trim balance masses 

required. 

 

 

 

Figure 2. SCHEMATIC OF ECCENTRIC BALANCING SLEEVE 
 

Practical problems with rotating shafts and rotors are usually 

reduced through appropriate design and careful balancing and 

alignment practices. However, it is not always possible to 

remove the source of vibration through these means, and in such 

cases mitigation techniques are employed viz. either active 

counteraction of the source of vibration or passive modification 

to the system by the addition of physical mass, damping or 

stiffness [6].  

Active vibration control is a feedback control methodology 

in which an external actuator is used to modify the dynamic 

characteristics of the system. The effectiveness of active 

vibration control is heavily dependent on the robustness and 

response of the feedback system. Common systems include 

active bearings utilising magnetic or piezoelectric elements to 

achieve actuation [7-11]. 

Passive vibration control involves the modification of the 

physical mass, damping or stiffness of a system such as vibration 

isolation through anti-vibration mounting of supporting 

structures and introducing bearing damping through squeeze 

film dampers [10]. 

The eccentric balancing sleeve proposed by Knowles et al. 

is considered ‘semi active’, and allows for balancing across a 

wide speed range. However, by adding mass to the system in the 

form of a sleeve, the fundamental natural frequency can be 

changed, and hence the critical speed of the system will also 

change. Significant research is required to analyse the behaviour 

of the system due to the addition of the eccentric sleeves prior to 

embedding them into engines. From this analysis, additional 

passive control characteristics may be identified. 

Here then, a detailed analysis of the passive control 

characteristics of the eccentric sleeve mechanism is conducted 

through the development, discretisation and solution of an 

approximated theoretical model and finite element simulation. 

Through comparison of the two models, the effect of varying the 

stiffness and mass of the eccentric sleeve on shaft critical speed, 

is investigated.  

 
 
THEORETICAL MODEL 

Fig.3 shows a linear-elastic, numerical model of a rotating 

shaft incorporating eccentric sleeves is derived and implemented 

in MATLAB. The model utilizes a rotating coordinate system to 

analyse a simplified shaft geometry with approximate cross-

sectional areas and uniform material properties. Nonlinear terms 

arising from the derivation are neglected as a result of 

displacements being considered to be sufficiently small.  

 
Figure 3. DISPLACEMENT AT POINT ON SHAFT 

 

Due to the complex geometry of the eccentric sleeves, only 

their kinetic energy contribution is considered in the model i.e. 

accounting for mass/inertia and neglecting sleeve stiffness. 

Initial simulations by Kirk et al [12] showed that by considering 

the sleeves as rigid bodies made less than 1% difference in the 

determination of the critical speeds when compared with the 

flexible case.  

In [12] the Extended Hamilton Principle and the derived 

individual variations of the kinetic and potential energies of the 
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system are used to obtain the equations of motion and associated 

boundary conditions. In the case of a constant rotational speed: 

 

Axial Motion 𝜹𝒖: 
 

−𝑚0�̈� + 𝐸𝐴𝑢′′ = 0 (1) 

  

Y Lateral Bending 𝜹𝒗: 
 

�̇�2𝑚0𝑣 + 2�̇�𝑚0�̇� − 𝑚0�̈� + 𝜌0𝐼�̈�
′′ − 𝐸𝐼𝑣′′′′ = 0 (2) 

 

 

Z Lateral Bending 𝜹𝒘: 
 

�̇�2𝑚0𝑤 − 2�̇�𝑚0�̇� − 𝑚0�̈� + 𝜌0𝐼�̈�
′′ − 𝐸𝐼𝑤′′′′ = 0 (3) 

 

 

Torsion 𝜹𝝓: 
 

�̇�2(2𝜌0𝐼𝜙) − 2𝜌0𝐼�̈� + 𝐺𝐼𝜙′′ = 0 (4) 

 

 

Strong boundary conditions arising from geometry of the 

problem: 

 

u(0,t) = u(L,t) = 0 

v(0,t) = v(L,t) = 0 

w(0,t) = w(L,t) = 0 

 

 

(5 a-c) 

 

Weak boundary conditions arising from the variational 

formulation: 

 

x=0, 𝛿𝑣′: 

𝐸𝐼𝑣′′ − (�̇�2 (−𝐼𝑥𝑥𝑣
′(0, 𝑡) + 𝐼𝑥𝑦 + 𝐼𝑥𝑧𝜙(0, 𝑡))

− 2�̇� (𝐼𝑥𝑥�̇�
′(0, 𝑡) + 𝐼𝑥𝑦�̇�(0, 𝑡))

+ 𝐼𝑦𝑦�̈�′(0, 𝑡) + 𝐼𝑦𝑧�̈�
′(0, 𝑡)

+ 𝐼𝑥𝑥�̈�
′(0, 𝑡) − 𝐼𝑥𝑧�̈�(0, 𝑡))

− 𝑘𝑣′(0, 𝑡) = 0 

 

 

x =L, 𝛿𝑣′: 

−𝐸𝐼𝑣′′ − (�̇�2 (−𝐼𝑥𝑥𝑣
′(𝐿, 𝑡) − 𝐼𝑥𝑦 − 𝐼𝑥𝑧𝜙(𝐿, 𝑡))

− 2�̇� (𝐼𝑥𝑥�̇�
′(𝐿, 𝑡) − 𝐼𝑥𝑦�̇�(𝐿, 𝑡))

+ 𝐼𝑦𝑦�̈�′(𝐿, 𝑡) + 𝐼𝑦𝑧�̈�
′(𝐿, 𝑡)

+ 𝐼𝑥𝑥�̈�
′(𝐿, 𝑡) + 𝐼𝑥𝑧�̈�(𝐿, 𝑡))

− 𝑘𝑣′(𝐿, 𝑡) = 0 

 

x =0, δw′: 

 

𝐸𝐼𝑤′′ − (�̇�2(−𝐼𝑥𝑥𝑤
′(0, 𝑡) − 𝐼𝑥𝑦𝜙(0, 𝑡) + 𝐼𝑥𝑧)

− 2�̇� (−𝐼𝑥𝑥�̇�
′(0, 𝑡) + 𝐼𝑥𝑧�̇�(0, 𝑡))

+ 𝐼𝑦𝑧�̈�
′(0, 𝑡) + 𝐼𝑧𝑧�̈�

′(0, 𝑡)

+ 𝐼𝑥𝑥�̈�
′(0, 𝑡) + 𝐼𝑥𝑦�̈�(0, 𝑡))

− 𝑘𝑤′(0, 𝑡) = 0 
 

x =L, 𝛿𝑤′: 

−𝐸𝐼𝑤′′ − (�̇�2(−𝐼𝑥𝑥𝑤
′(𝐿, 𝑡) + 𝐼𝑥𝑦𝜙(𝐿, 𝑡) − 𝐼𝑥𝑧)

− 2�̇� (−𝐼𝑥𝑥�̇�
′(𝐿, 𝑡) − 𝐼𝑥𝑧�̇�(𝐿, 𝑡))

+ 𝐼𝑦𝑧�̈�
′(𝐿, 𝑡) + 𝐼𝑧𝑧�̈�

′(𝐿, 𝑡)

+ 𝐼𝑥𝑥�̈�
′(𝐿, 𝑡) − 𝐼𝑥𝑦�̈�(𝐿, 𝑡))

− 𝑘𝑤′(𝐿, 𝑡) = 0 
 

x =0, 𝛿𝜙: 

𝐺𝐼𝜙′ − (�̇�2(−𝐼𝑥𝑦𝑤′(0, 𝑡) − 𝐼𝑦𝑦𝜙(0, 𝑡) + 𝐼𝑥𝑧𝑣
′(0, 𝑡)

− 𝐼𝑧𝑧𝜙(0, 𝑡))

− 2�̇� (−𝐼𝑥𝑦�̇�′(0, 𝑡) − 𝐼𝑥𝑧�̇�
′(0, 𝑡))

+ 𝐼𝑥𝑦�̈�′(0, 𝑡) + 𝐼𝑦𝑦�̈�(0, 𝑡)

− 𝐼𝑥𝑧�̈�
′(0, 𝑡) + 𝐼𝑧𝑧�̈�(0, 𝑡)) = 0 

 

x =L, 𝛿𝜙: 

−𝐺𝐼𝜙′ − (�̇�2 (𝐼𝑥𝑦𝑤′(𝐿, 𝑡) − 𝐼𝑦𝑦𝜙(𝐿, 𝑡)

− 𝐼𝑥𝑧𝑣
′(𝐿, 𝑡) − 𝐼𝑧𝑧𝜙(𝐿, 𝑡))

− 2�̇� (𝐼𝑥𝑦�̇�′(𝐿, 𝑡) + 𝐼𝑥𝑧�̇�
′(𝐿, 𝑡))

− 𝐼𝑥𝑦�̈�′(𝐿, 𝑡) + 𝐼𝑦𝑦�̈�(𝐿, 𝑡)

+ 𝐼𝑥𝑧�̈�
′(𝐿, 𝑡) + 𝐼𝑧𝑧�̈�(𝐿, 𝑡)) = 0 

(6 a-f) 

 

Discretisation  
 The equations of motion are discretised and dynamic system 

matrices formulated using the Galerkin method. Using method 

of weighted residuals, the mass and stiffness matrices take the 

form (7), (8) [13]: 

 

𝐤𝐢𝐣 = ∫ 𝛟𝐢

𝐋

𝟎

𝐋𝛟𝐣𝐝𝐱 (7) 

 

𝐦𝐢𝐣 = ∫ 𝐦𝛟𝐢𝛟𝐣

𝐋

𝟎

𝐝𝐱 (8) 

  

Trial functions ϕiand ϕj are spatial functions; Yi(x), Yj(x), 

Zi(x), Zj(x) and Φi(x) corresponding to Y and Z bending and 

torsional displacements respectively. Approximate solutions for 

these are given in (9) to (11). The displacements function 
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solutions contain spatial (𝐘𝐢..(𝐱)) and time (𝐚𝐯…(𝐭)) components 

and the corresponding eigenvectors(𝐮𝐢).  

 

𝑣 = ∑Yi(x)av(t)

N

i=1

ui (9) 

 

 

𝑤 = ∑Zi(x)aw(t)

N

i=1

ui (10) 

 

 

𝜙 = ∑Φi(x)aϕ(t)

N

i=1

ui (11) 

  
 Suitable admissible functions for the displacement functions 

are of the form sin
iπx

L
  or cos

iπx

L
 [14]. Chosen admissible 

functions must satisfy the strong boundary conditions of the shaft 

from (5). The discretised equations of motion are collated into 

the form (12).  The system matrices are given in the Appendix 

with the individual components including mass and stiffness 

terms for the shaft, effects due to Coriolis and centrifugal forces, 

terms due to the influence of the eccentric sleeves and torsional 

spring effects of the flexible elements. In its simplest form, (12) 

can be converted into two first order differential equations (13) 

where M, C and K are the global system mass, stiffness and 

damping matrices, respectively [11]. 

 

 

([𝐌𝐬𝐡] + [𝐌𝐬𝐥]){�̈�(𝐭)}
+ ([𝐂𝐜𝐨𝐫𝐬𝐡] + [𝐂𝐜𝐨𝐫𝐬𝐥]) {�̇�(𝐭)}
+ ([𝐊𝐬𝐡] + [𝐊𝐓] + [𝐊𝐜𝐞𝐧𝐭𝐬𝐡]
+ [𝐊𝐜𝐞𝐧𝐭𝐬𝐥]){𝐪(𝐭)} = 𝟎 

(12) 

 

 

 

[
C 𝑀
𝑀 0

]
𝑑

𝑑𝑡
{
𝑞(𝑡)

�̇�(𝑡)
} − [

𝐾 0
0 −𝑀

] {
𝑞(𝑡)

�̇�(𝑡)
} 

(13) 
 

  
MATLAB is now readily used to obtain an eigenvalue solution 

for the system at chosen values of rotational speed. The number 

of terms in the Galerkin solution is empirically chosen to be nine 

in this instance, to provide good convergence characteristics 

without significantly impacting on required computational 

overhead.  

 

FINITE ELEMENT MODEL  
A dynamic finite element model of the full rotating shaft and 

eccentric sleeve system has been developed in ANSYS 

Workbench (Version 15.0.7), Fig. 4. The model is fixed at each 

end to replicate connection to driving and driven equipment (Fig. 

5).  An appropriate meshing strategy was obtained using a 

convergence study.  

A modal analysis identifies the natural frequencies, with 

Campbell diagrams used to obtain the critical speeds of the shaft 

within a specific range of operating frequencies. Results from the 

modal analysis are used to visualise the mode shapes of the 

system.   

 

 
 

Figure 4. FINITE ELEMENT MODEL OF SHAFT-SLEEVE 
SYSTEM 

 
To investigate the effect of sleeve flexibility on the 

dynamics of the system, the geometry of the eccentric sleeves is 

removed and replaced with a point mass with equivalent inertia 

properties, as shown in Fig. 5.  

 

 
 

Figure 5. FINITE ELEMENT MODEL OF SHAFT WITH POINT 
MASS REPLACING SLEEVE 

 
 
RESULTS 
 In order to assess the effect of sleeve stiffness, the critical 

speeds for the rotating shaft have been obtained for four 

eccentric sleeve configurations viz. no sleeve, short sleeve, 

medium sleeve and long sleeve. The different lengths were 

chosen in advance of experimental testing. 

Fig.’s 6 and 7 show the normalised Campbell diagrams for 

the theoretical and ANSYS finite element models for the first 

bending mode of the shaft in each case, normalised against the 

maximum frequency and rotational speed. The natural 

frequencies of the system have been obtained in a rotating 

coordinate system; the critical speeds are determined by the 

speed at which the frequency of the mode becomes zero [15].  

Table 1 gives the normalised critical speeds for each sleeve 

configuration for all three model variants. The critical speeds for 

each sleeve configuration are normalised with respect to the 

critical speed of the system with no sleeve attached.  

 

Point 

Mass 

Shaft 

fixed at 

each end 
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Figure 6. CAMPBELL DIAGRAM FOR THEORETICAL 
SOLUTION 

 

 
 

Figure 7. CAMPBELL DIAGRAM FOR FINITE ELEMENT 
MODEL 

 
 

Table 1. NORMALISED CRITICAL SPEEDS 

 No 
sleeve 

Short Medium Long 

Theoretical 1.000 0.9924 0.9923 0.9922 

ANSYS 1.000 0.982 0.971 0.942 

ANSYS 
Point Mass 

1.000 0.991 0.989 0.987 

 

DISCUSSION 
Comparison of the Campbell diagrams and results in Table 

1 show a disparity in the relative change of critical speed 

between the two models. The theoretical model shows a marked 

decrease in critical speed with the addition of the short sleeve but 

no further significant change with the addition of sleeves of 

increasing length. By contrast, the finite element model shows a 

continuing decrease in critical speed with the addition of sleeves 

of increasing length. This can be attributed to the theoretical 

model only considering the mass/inertia effects of the sleeves, as 

opposed to the finite element model which accounts for the full 

geometry of the system. As such, the results presented in Table 

1 suggest that mass/inertia effects alone are not sufficient to 

describe the change in critical speed as eccentric sleeve length is 

increased.  This follows a degree of intuition, where by 

increasing mass and reducing stiffness the natural frequencies of 

the system will decrease.  

The effect of increasing sleeve length on stiffness can be 

readily observed in the mode shapes of the system under free 

vibration, as shown in Fig.’s 8 to 10. For the short sleeve, the 

deflection of the sleeve is roughly equal to that at the same point 

on the shaft; essentially it is rigid. However, as the length of the 

sleeve is increased, the deflection becomes significantly greater 

than that of the shaft at the same point. This can be rationalized 

by considering that, as the sleeve increases in length, it becomes 

more flexible. When considered in conjunction with the 

normalized critical speeds presented in Table 1, this indicates 

that sleeve flexibility becomes progressively more influential on 

the dynamics of the system as sleeve length increases. 

 
Figure 8. FINITE ELEMENT OBTAINED FIRST BENDING 

MODE OF SHAFT WITH SHORT SLEEVE  

 
Figure 9. FINITE ELEMENT OBTAINED FIRST BENDING 

MODE OF SHAFT WITH MEDIUM SLEEVE 
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Figure 10. FINITE ELEMENT OBTAINED FIRST BENDING 

MODE OF SHAFT WITH LONG SLEEVE 
 

The effect of sleeve flexibility can be shown through the 

described modifications to the finite element model. Removing 

the sleeve geometry, the mass of the sleeve is induced on the 

system without any stiffness effects. Fig. 11 shows the 

normalised Campbell diagram for the ANSYS finite element 

model with point mass replacement. The normalised critical 

speeds are included in Table 1. 

The results for the point mass finite element model are 

comparable to those of the theoretical model. There is an initial 

decrease in critical speed with the addition of the short sleeve but 

no further significant with the addition of the medium and long 

sleeves.  

  
 

Figure 11. CAMPBELL DIAGRAM FOR FINITE ELEMENT 
MODEL WITH POINT MASSES 

 

Removal of the sleeve geometry has shown that mass alone 

does not explain the alteration in critical speed and that sleeve 

stiffness does have a significant impact upon the dynamics of the 

shaft; this is opposed to the initial assumptions made in previous 

work [12].  This is an interesting result, given that the each sleeve 

is connected to the shaft at one end and in free space at the other. 

Although the overall mass of the system has been increased, the 

stiffness of the sleeve does not directly affect the stiffness of the 

shaft and would not be expected to alter the natural frequency 

significantly.  This suggests that in free vibration, the flexibility 

of the sleeves is imparting a bending moment upon the shaft, thus 

altering its natural frequencies. The mechanism of passive 

control is therefore similar to the designed trim balancing 

method. 

 

CONCLUSION 
A detailed analysis of an eccentric sleeve mechanism 

for the passive control of the critical speeds of a rotating shaft 

has been conducted. The addition of an eccentric balancing 

sleeve to a rotating shaft has been shown to change the critical 

speed of the shaft. Through modification of the mass and 

stiffness characteristics of the system, the natural frequencies are 

reduced.  

An approximated theoretical model and finite element 

simulation has been developed and used for the investigation. 

The modelling practices have identified potential bounds of 

applicability for the proposed model.  When the eccentric sleeves 

possess high stiffness, the theoretical model can be used to 

accurately determine the critical speed of the shaft. However, the 

magnitude of influence of sleeve stiffness on the change of 

critical speed of the shaft increases with decreasing sleeve 

stiffness. As such, the accuracy of the theoretical model is 

reduced in the latter case, requiring the use of more complex 

finite element simulations, at the expense of incurring significant 

computation overhead.  

With the stiffness of the sleeve identified as a key 

parameter, it is now possible to conduct a parametric study in 

order to find variations of mass and stiffness that offer optimal 

passive control of shaft critical speeds. 

NOMENCLATURE 

�̇� Rotational velocity 

𝑚0 Mass per unit area of shaft 

𝜌0 Density of shaft 

𝐸 Young’s modulus of shaft 

𝐺 Shear modulus of shaft  

𝐼 Second moment of area of shaft 

𝐿 Length of shaft 

𝑘 Stiffness of flexible element 

𝑥 Axial position along shaft length 

𝑢, 𝑣, 𝑤  Shaft displacements 

𝜙  Torsional displacement 

𝐼𝑥𝑥 …. Inertia coefficients of sleeves 

Φi Trial function for torsional displacement  

M Global mass matrix 

K Global stiffness matrix 

C Global damping matrix 

Msh Shaft mass matrix 

Msl  Sleeve mass matrix 

Ccorsh Shaft Coriolis force matrix 

Ccorsh Sleeve Coriolis force matrix 

Ksh Shaft stiffness matrix 

KT Element torsional stiffness matrix 

Kcentsh Shaft centrifugal stiffness matrix 

Kcentsl Sleeve centrifugal stiffness matrix 

𝑞(𝑡) Global displacement vectors 
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APPENDICES 
 

APPENDIX 1 – SYSTEM MATRICES 
 

[𝐌𝒔𝒉]= Shaft Mass Matrix 

[

−𝑚0[𝐴𝑖𝑗] − 𝜌𝐼[𝐵𝑖𝑗] 0 0

0 −𝑚0[𝐴𝑖𝑗] − 𝜌𝐼[𝐵𝑖𝑗] 0

0 0 −2𝜌𝐼[𝐷𝑖𝑗]

] 

 

[𝑲𝒔𝒉] = Shaft Stiffness Matrix 

[

−𝐸𝐼[𝐶𝑖𝑗] 0 0

0 −𝐸𝐼[𝐶𝑖𝑗] 0

0 0 −𝐺𝐼[𝐸𝑖𝑗]

] 

 

[𝑲𝑻]= Torsional Element Stiffness 

[

−𝑘 ([𝐹𝐿𝑖𝑗
] + [𝐹0𝑖𝑗

]) 0 0

0 −𝑘 ([𝐹𝐿𝑖𝑗
] + [𝐹0𝑖𝑗

]) 0

0 0 0

] 

 

[𝑲𝒄𝒆𝒏𝒕𝒔𝒉] = Shaft Centrifugal Force Matrix 

�̇�2 [

𝑚0[𝐴𝑖𝑗] 0 0

0 𝑚0[𝐴𝑖𝑗] 0

0 0 2𝜌𝐼[𝐷𝑖𝑗]

] 

 

[𝑪𝒄𝒐𝒓𝒔𝒉]= Shaft Coriolis Matrix  

2�̇� [

0 𝑚0[𝐴𝑖𝑗] 0

−(𝑚0[𝐴𝑖𝑗]) 0 0

0 0 0

] 
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[𝐌𝒔𝒍] = Sleeve Mass Matrix  

−

[
 
 
 
 (𝐼𝑦𝑦 + 𝐼𝑥𝑥) ([𝐹0𝑖𝑗

] + [𝐹𝐿𝑖𝑗
]) 𝐼𝑦𝑧 ([𝐹0𝑖𝑗

] + [𝐹𝐿𝑖𝑗
]) 𝐼𝑥𝑧 ([𝐺𝐿𝑖𝑗

] − [𝐺0𝑖𝑗
])

𝐼𝑦𝑧 ([𝐹0𝑖𝑗
] + [𝐹𝐿𝑖𝑗

]) (𝐼𝑧𝑧 + 𝐼𝑥𝑥) ([𝐹0𝑖𝑗
] + [𝐹𝐿𝑖𝑗

]) 𝐼𝑥𝑦 ([𝐺0𝑖𝑗
] − [𝐺𝐿𝑖𝑗

])

𝐼𝑥𝑧 ([𝐻𝐿𝑖𝑗
] − [𝐻0𝑖𝑗

]) 𝐼𝑥𝑧 ([𝐻0𝑖𝑗
] − [𝐻𝐿𝑖𝑗

]) (𝐼𝑦𝑦 + 𝐼𝑧𝑧) ([𝐼0𝑖𝑗
] + [𝐼𝐿𝑖𝑗

])]
 
 
 
 

 

 

[𝑪𝒄𝒐𝒓𝒔𝒍] = Shaft Coriolis Matrix 

2�̇�

[
 
 
 
 

−

0 𝐼𝑥𝑥 ([𝐹𝐿𝑖𝑗
] + [𝐹0𝑖𝑗

]) −𝐼𝑥𝑦 ([𝐺𝐿𝑖𝑗
] − [𝐺0𝑖𝑗

])

(𝐼𝑥𝑥 ([𝐹𝐿𝑖𝑗
] + [𝐹0𝑖𝑗

])) 0 −𝐼𝑥𝑧 ([𝐺𝐿𝑖𝑗
] − [𝐺0𝑖𝑗

])

−𝐼𝑥𝑦 ([𝐻0𝑖𝑗
] − [𝐻𝐿𝑖𝑗

]) −𝐼𝑥𝑧 ([𝐻0𝑖𝑗
] − [𝐻𝐿𝑖𝑗

]) 0 ]
 
 
 
 

 

 

[𝑲𝒄𝒆𝒏𝒕𝒔𝒍] = Sleeve Centrifugal Force Matrix 

�̇�2

[
 
 
 
 𝐼𝑥𝑥 ([𝐹𝐿𝑖𝑗

] + [𝐹0𝑖𝑗
]) 0 −𝐼𝑥𝑧 ([𝐺𝐿𝑖𝑗

] − [𝐺0𝑖𝑗
])

0 𝐼𝑥𝑥 ([𝐹𝐿𝑖𝑗
] + [𝐹0𝑖𝑗

]) −𝐼𝑥𝑦 ([𝐺0𝑖𝑗
] − [𝐺𝐿𝑖𝑗

])

−𝐼𝑥𝑧 ([𝐻0𝑖𝑗
] − [𝐻𝐿𝑖𝑗

]) −𝐼𝑥𝑦 ([𝐻𝐿𝑖𝑗
] − [𝐻0𝑖𝑗

]) (𝐼𝑦𝑦 + 𝐼𝑧𝑧) ([𝐼0𝑖𝑗
] + [𝐼𝐿𝑖𝑗

])]
 
 
 
 

 

 

APPENDIX 2 – SYSTEM SUB-MATRICES  
 

MATRIX ELEMENTS VALUE MATRIX ELEMENTS VALUE 

[𝐴𝑖𝑗] 

𝑖 = 𝑗 (Diagonal) 
𝐿

2
 [𝐹0𝑖𝑗

] ALL 
𝑖𝑗𝜋2

𝐿2
 

𝑖 ≠ 𝑗 
(Off diagonal) 

0 

[𝐹𝐿𝑖𝑗
] 

𝑖 = 𝑗 
𝑖𝑗𝜋2

𝐿2
 

[𝐵𝑖𝑗] 

𝑖 = 𝑗 
𝑖𝑗𝜋2

2𝐿
 𝑖 ≠ 𝑗 cos 𝑖𝜋 cos 𝑗𝜋 (

𝑖𝑗𝜋2

𝐿2
) 

𝑖 ≠ 𝑗 0 [𝐺0𝑖𝑗
] ALL 

𝑗𝜋

𝐿
 

[𝐶𝑖𝑗] 

𝑖 = 𝑗 
𝑖2𝑗2𝜋4

2𝐿3
 [𝐺𝐿𝑖𝑗

] ALL cos 𝑖𝜋 cos 𝑗𝜋 (
𝑗𝜋

𝐿
) 

𝑖 ≠ 𝑗 0 [𝐻0𝑖𝑗
] ALL 

𝑖𝜋

𝐿
 

[𝐷𝑖𝑗] 

𝑖 = 𝑗 
𝐿

2
 [𝐻𝐿𝑖𝑗

] ALL cos 𝑖𝜋 cos 𝑗𝜋 (
𝑖𝜋

𝐿
) 

𝑖 ≠ 𝑗 0 [𝐼0𝑖𝑗
] ALL 1 

[𝐸𝑖𝑗] 

𝑖 = 𝑗 
𝑖𝑗𝜋2

2𝐿
 [𝐼𝐿𝑖𝑗

] ALL cos 𝑖𝜋 cos 𝑗𝜋 

𝑖 ≠ 𝑗 0    
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